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Phase transitions in the early Universe
• At very high temperatures and 

pressures, the state of matter in the 
Universe changes
– Tc ~ 100 MeV (1 ms) QCD
– Tc ~ 100 GeV  (10 ps) Electroweak
– Tc >> 100 GeV new symmetries?

• Departures from equilibrium and 
homogeneity (shear stress)
– First order phase transition: 

relativistic condensation or `fizz’

– Formation of topological defects

– Baryon asymmetry

• Phase transitions can produce GWs

Gravitational waves ... Mark Hindmarsh 2
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• QCD: rich phase diagram
• Universe: nB/nγ ≈ 6.1 × 10-10

• Behaviour at low chemical 
potential well-established by 
lattice QCD

• Transition from QGP to 
hadronic phase is a smooth 
cross-over

• Departures from equilibrium 
very small: no GWs
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Electroweak transition
• SM is not weakly coupled at high T
• Non-perturbative techniques:

– Dimensional reduction to 3D effective 
field theory + 3D lattice
Kajantie, Laine, Rummukainen, Shaposhnikov (1995,6)

– SU(2)-Higgs on 4D lattice
Czikor, Fodor, Heitger (1998)

• SM transition at mh ≈ 125 GeV is
a cross-over - a supercritical fluid

•
• Search for 1st order transition is a 

search for physics beyond SM
Gravitational waves ... Mark Hindmarsh
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Little bangs in the Big Bang
• 1st order transition by nucleation 

of bubbles of low-T phase

• Nucleation rate/volume p(t) 
rapidly increases below Tc

• Expanding bubbles generate 
pressure waves in hot fluid

• Universal “fizz” 
• Gravitational wave production

Gravitational waves ... Mark Hindmarsh
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Gravitational wave spectrum
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Laser Interferometer Space Antenna

• Launch by 2034
• 4-year mission 

(up to 10 years)
• 2.5M km arms
• Science objectives:

– White dwarves
– Black holes
– Galaxy mergers
– Extreme gravity
– TeV-scale early Universe

• Other missions: Taiji, Tianqin

Gravitational waves ... Mark Hindmarsh
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Phases of a phase transition

Gravitational waves ... Mark Hindmarsh

?

1. Nucleation and expansion
2. Collision
3. Acoustic
4. Non-linear (shocks, turbulence)

1 2 3 4

⌧co = �
�1
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p – nucleation rate/volume
b – transition rate parameter

p(t) = pne
�(t�tn)
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‘exponential’ nucleation

Lf – fluid flow length scale
Uf – RMS fluid velocity

Guth, Weinberg 1983; Enqvist et al 1992; 
Turner, Weinberg, Widrow 1992;

Review: MH, Lüben, Lumma, Pauly 2021 Ellis Lewicki No 2018



Effective theory of an early universe 
phase transition

• Ingredients:
– Higgs field

• η coupling to fluid (models energy transfer, friction)

– Relativistic fluid

• E energy density, Zi momentum density, Vi velocity, W γ-factor

– Discretisation
– Metric perturbation

Gravitational waves ... Mark Hindmarsh
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Simulations of phase transitions
• 2015: 1M hrs CSC, Finland
• 2015/6: 17M CPU-hours 

Tier-0 (Hazel Hen, Stuttgart)
• 42003 lattice on 24k cores
• Output: GW power spectrum

Hindmarsh, Huber, Rummukainen, Weir 2017
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Higgs Fizz ... Mark Hindmarsh

Generic features:
• “Domed” peak at kR* ~ 10
• Approx k-3 spectrum at high k

Transition strength: a = 0.0046
Wall speed: vw = 0.44



Relativistic combustion

Gravitational waves ... Mark Hindmarsh

wv cs>
wv cs>

wv c< s

Deflagration
Supersonic deflagration

(“hybrid”)
Detonation

• Scalar potential energy converted to kinetic energy, heat energy
• Wall velocity vw (pressure difference DV, scalar-fluid coupling h )
• Result: radial fluid velocity v(r,t) and enthalpy distribution w(r,t)

• Similarity solution v(r/t), w(r/t)
• Some cases … runaway (vw → 1 ) (weakly coupled near-vacuum transition)

Landau & Lifshitz; Steinhardt (1984)
Kurki-Suonio, Laine (1991), Espinosa et al (2010)

Bodeker Moore 2010, 2017
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• Parameters of transition:
– Tn = Temperature at nucleation
– b = transition rate ( = - d log p / dt)
– vw = Bubble wall speed
– α = (“Potential energy”)/(“Heat energy”)
– cs = sound speed (here taken 1/√3)

• Derived parameters:
– r* = (mean bubble separation)/Hubble length 
– K = fluid kinetic energy fraction 

• Aim: GW power spectrum

GWs from first order phase transitions

Gravitational waves ... Mark Hindmarsh

Steinhardt ’84
Espinosa et al 2010
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• GW energy fraction:
– Hn Hubble rate at nucleation

– tv  duration of stresses
– tc coherence time

• Coherence time:
– tc ~ R* (bubble separation)

• Stress lifetime (shocks):
– tv = Hn

-1/(1 + Uf /r*)

– Uf (RMS velocity) ~ √K
– Or K = (4/3)Uf

2

Estimating GW power

Gravitational waves ... Mark Hindmarsh

Estimate K (kinetic energy fraction)
from self-similar hydro solution
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“ gw = ‚gw/‚c ⇠ (Hn‰v)(Hn‰c)K
2



Scalar field only (runaway walls)
• History: envelope 

approximation

• Numerical simulations 
show differences

Gravitational waves ... Mark Hindmarsh
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k3 k-1.5

k3
k-4

• Three contributions to total power:
– Scalar field f
– Acoustic ac
– Turbulent tu

• Scalar field: bubble wall collisions 
– relevant only for runaway walls

• Acoustic production:
– M.H. et al 2013, 2015, 2017, 2019

• Turbulent production:
– Uncertain, probably subdominant around peak
– Conservative estimate: neglect

⌦gw = ⌦
�
gw +⌦

ac
gw +⌦

tu
gw
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Runaway

Constant vw, a < 0.1

Caprini et al 2019



Sound shell model
• Gaussian velocity field from 

weighted addition of sound 
shells vq(ti)

• Two length scales:
– Bubble spacing R*
– Shell width

• Double broken power law
– Pgw ~ k9, k1, k-3

• Amplitude proportional to: 
– Bubble spacing
– Shear stress lifetime 
– (Kinetic energy)2

• Similar: bulk flow model

Gravitational waves ... Mark Hindmarsh

MH 2017, MH, Hijazi (2019)
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Sound shell model vs. simulations Pgw
• Solid: self-similar sound shell
• Dash: evolving sound shell at 

peak collision time
• Simultaneous nucleation

Gravitational waves ... Mark Hindmarsh

↵n = 0.0046 vw = 0.92
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Kinetic energy suppression
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• Deflagrations: heat up fluid in front
• Pressure in front of wall increases, 

walls slow down
• Less transfer into kinetic energy, 

more into heat.
• Effect not yet included in SSM
• More simulations & thought needed
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Parameters and power spectra
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Sound shell model predictions

19

Gowling, MH (in prep)
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Signal-to-noise ratios (LISA)

Gravitational waves ... Mark Hindmarsh 20

• Signal-to-noise ratio r (tobs = 4 years)
• Includes kinetic energy suppression
• No foregrounds
• “LISA science requirements” noise
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Foregrounds in stochastic signal

Gravitational waves ... Mark Hindmarsh 21

After detected objects are removed from signal: 
• Unresolved white dwarf binaries in our galaxy (~ 20 million)
• Unresolved extra-galactic compact binaries

– Mostly stellar origin black hole binaries (“LIGO-type”)

• What can we hope to see? 
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Signal-to-noise ratios (LISA)
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• Signal-to-noise ratio r (tobs = 4 years)
• Includes kinetic energy suppression
• “Worst case” galactic binary 

foreground (annual variation)
• “LISA science requirements” noise
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Connection to fundamental theory
• Scalar effective potential V(f,T)
• Scalar-fluid coupling h(f,T,v)

Gravitational waves ... Mark Hindmarsh

Phase transition parameters :
Tn = nucleation temperature
geff = effective d.o.f.
α = (scalar V)/(thermal energy)
cs = sound speed
vw = bubble wall speed
b = transition rate

Tn, a, b, cs, geff (equilibrium)

vw (non-equilibrium)

K(vw, α) (kinetic energy fraction)

R*(b, vw) (mean bubble separation)

Hn(Tn , geff) (Hubble rate)

GW power spectrum parameters :
Wp = peak amplitude
fp = peak frequency
si = shape parameters

How are they related?



• Scalar effective potential V(f,T)
– Breakdown of perturbation theory at high T
– Non-perturbative methods:

• Dimensional reduction
• Functional renormalization group

– Strongly interacting fields
• Lattice + Polyakov
• Holography 

• Scalar-fluid coupling h(f,T,v)
– O(1) perturbative estimates for SM and MSSM

• Connection to particle physics phenomenology

Theory challenges 

Gravitational waves ... Mark Hindmarsh 24

Croon et al 2020

Einhorn et al 2020, 

Ares et al 2020

Huang et al 2020, 

Moore, Prokopec 1994
John, Schmidt 2000

Caprini et al 2019; …., Kozaczuk et al 2015; Ellis, Lewicki, No 2018; Fairbain et al 2019; …  



0.0 0.2 0.4 0.6 0.8 1.0 1.2
�M

0

2

4

6

8

10

12

14

�
Q

crossover point

non � BPS minima appear

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

↵
(T

c)

• Bottom-up model: phase transition 
in a strongly-interacting sector 

• T, s of field theory = 
Horizon surface gravity/area

• Bulk field dual to scalar 
operator vev in field theory

• “Intermediate” strength 
phase transitions are generic 
(a ~ 0.1 – 0.3)

• Sound speed 𝑐! < 1/√3

A holographic phase transition 

Gravitational waves ... Mark Hindmarsh 25

�

0

L
2
W

(�
)

�4�1

�

0

L
2
V

(�
)

�4

�3�2

�1

First order

Cross-
over

Metastable 
vacuum 
(T=0)

Ares, MH, Hoyos, Jokela 2020

Bea, Mateos 2018
2 parameters



• Is nucleation theory correct? 
– 3He A/B transition rate puzzle

• Cahn/Hilliard, Langer theory of nucleation rate:

Ec – energy of critical droplet/bubble
• 3He A/B theory prediction: bEc ~ 106

• Lab: metastable 3He A lasts minutes.
• QTFP project aims to resolve the puzzle

A theory skeleton in the cupboard 

Gravitational waves ... Mark Hindmarsh 26

Kaul Kleinert 1980, Bailin, Love 1980, Leggett 1984, Tye Wohns 2011
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Summary
• Good understanding of GWs (sound shell model)

– near-linear flows (𝛼 ≤ 0.1)
– fast walls:  vw > 0.4
– for sub-Hubble bubble separations (r* << 1)

• Dominant source sound (kinetic energy K)
• Total power estimate:

• Naïve extrapolation:
an upper bound on GWs from PTs: 
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Standard cosmology: Numerical simulations, SSM:
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Future challenges
• Realistic equations of state

– Sound speed is important

• Non-linear evolution of fluid
– Longitudinal/compression modes

• Kinetic energy suppression
• Shocks, wave turbulence

– Transverse/rotational modes
• Vorticity generation
• Turbulence
• Turbulence less efficient 

at producing GWs?

• Accurate computation of phase transition 
parameters from fundamental theory 
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Vorticity, strong transition

Giese et al 2020
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Conclusions
• GWs probe physics at very high energy

– LISA and other missions will probe physics 
of Higgs transition from 2034

– Measure/constrain phase transition 
parameters

• Towards accurate calculations of GW 
power spectrum from parameters
– Understanding of acoustic production, 

probably dominant
– Non-linear evolution (turbulence, shocks) 

not well understood
• Ambition: make GWs as good a probe 

of the electroweak era as CMB is for 
the decoupling era
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