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MOTIVATION



Why modified gravity?



A motivation for IR modification

Flattening galaxy rotation curves
extra gravity

Dimming supernovae
accelerating universe

* Usual explanation:
(DARK MATTER) (DARK
ENERGY).



Dark component in the solar system?

which people tried to P

explain with a “dark y
planet”, Vulcan,



Why modified gravity?

» Can we address mysteries in the universe?

Dark energy, dark matter, inflation, big-bang singularity,
cosmic magnetic field, etc.



How to unify Quantum Theory
with General Relativity?




How to unify Quantum Theory
with General Relativity?

Pobably we nee to odify
GR at short distances



Dark energy, dark matter, inflation, big-bang
singularity, cosmic magnetic field, etc.

Help constructing a theory of quantum gravity?
Superstring, Horava-Lifshitz, etc.

One of the best ways to understand something may
be to break (modify) it and then to reconstruct it.
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GENERAL RELATIVITY AND
LOVELOCK’S THEOREM



* Weak equivalence principle (WEP)

uncharged test body subsequent trajectory is
initial event in spacetime — w  independent of

initial velocity internal structure & composition
* Einstein’s equivalence principle (EEP)
1) WEP is valid
i) outcome of any local nongravitational test experiment is
Independent of the velocity of freely falling apparatus

and of the time and position in the universe
Basically saying that gravity =~ acceleration

EEP - validity of special relativity in local free-falling frame
9

This argument does not exclude existence of other metrics.



EEP (= “metricg,,)
gravity is described by the metric

L : scalar made of
up to 15t derivatives - constant only

up to 2nd derivatives = scalar made of O & Ryyoo

2 3
1,R, R%, R*R 1, R*P°R )5, VFRV, R, R3, -+
scale M
L—C0M4+C1MZR+C2R2+C3RHVR +C4R vaRuvpa

‘ truncate @ terms with two derivatives
(M3, = 2¢, M2, A = — =2 M?)

2C1

c.f. cosmological constant problem =* K 17?7




Igy = MT%I J d*x y=g(R—2A)
5(v=9) = 3v=99""8guy (€ 8 (Indetd) = §(TrInA) = Tr(A"154))
5(v=gR) = V=g{=G"" 89y, + V*[V' 69,y — V(9”76 9ps)]}

. Olgy = MT‘%‘f d*x \[—g|-(G* + Ag"")69,,]

ILiot = Ign + Linatter
8lygrter = | d*x [@ TWég,, + (matter eom)é (matter)]

(TH = - 5Imatter)
v—9 59/11/

6li0; =0 mp



U N |q ueness Of G R (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)

* Lovelock’s theorem

(i) A® is a symmetric tensor (uw,v=0,1,2,3)
(i) AR = ARV (g 80 o0 Boo,ap) (++++) (valid for (-+++) as well)
(iii) Ave. =0 (;v represents covariant derivative)

| (iv) 4-dimensions

m AW =a G* + bg"V (a, b: constants, G*V: Einstein tensor)

* Motivation for assumptions (i)-(iii)
(i) A®¥is to be EOM for g, and thus should be symmetric.
(ii) If EOM depends on 3™ or higher derivatives of 8,, then # of d.o.f. (in

Lorentzian case) may increase.
1 61

(iii).lf I st. AHY = \/ﬁ&guv and if I is diffeo invariant then A”V;v = 0.
- Juv 2 YGuv T 6‘9“13'1 5guv = gu;v + fv;u
0=206I=d* Som 89,y = —2f d*x\g &,4", forVE,

c.f. “symmetric” in (i) can be dropped (J.Math.Phys. 13, 874 (1972)) .



U N |q U e n ESS Of G R (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)

-

What Lovelock actually proved
In n-dim. Lovelock proved theorems 1 & 2 below

(|) (|||) »A”:l— k 1 Cy, 9!“’“1“2 "U4k-104k Hh 1R

— (n: even)
2
m = ,  Cp,b:const.

%(n + 1) (n:odd)

+ bgt’

A4h—1A4h—-3A4h—204p

gHVE1dzGak-104k (k = 1,---,m — 1) : a tensor satisfying (a)-(d) below

i (a)QHV“1“2'”“4k—1“4-k — Qﬂvalaz“‘“4k—1“4k(gpa)

(b) symmetricin (ij) and in (i,5,_1i,) forh = 1,---, 2k

(c) symmetric under interchange of the pair (uv) with the pair (a,,_1a21)
forallh =1, ---, 2k

(d) the cyclic sum involving any three of the four indices (uv) (a1 1)
forh =1,---, 2k vanishes

(c) follows from (b)&(d)

0= QM(V“1“2) + QV(“1“2M) — 9“1(“2#1’) — Qaz(ﬂval) — l(QI»WCﬁ“z - 3“1“21“/)J
3



U N |q U e n ESS Of G R (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)

D : positive integer

YyHV¥1 % s a tensor with the following properties (a)’-(d)’
(@) : (a) with @ » Y, 4k - 2p
(b)’-(d)’ : (b)-(d) with 2k — p

1.2

m (n-— p)[l[)”val aZp]: g”"[qpalllp"“l aZp]_Ethl gahv[gpalppﬂal Ah—1HAp 11 aZp]
Theorem 2 shows a way to calculate §#V*192"%4k-1%4k defined in Theorem 1 and
its uniqueness (up to an overall constant factor).

* Corollary 1
n=2 2> A" = bg"V (b:const.)
(proof of corollary 1)
m=1forn=2 .". corollary 1 follows from theorem 1 Q.E.D.

* Corollary 2
n=3or4 > A" = aG" + bg"V (a,b:const.)

Corollary 2 for n=4 is what is usually known as Lovelock’s theorem.



U n |q ueness Of G R (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)

(proof of corollary 2)
*m=2 forn=3 or4

éa1a2a3a4 = gpagpaala2a3a4

‘Theorem 2 ( — 2)grverasasas _ guvorasasas _ % (galuémmm
with p=2 i i )
_|_ga21/9a1pm:3a4 _|_gos31/90510:2,ua4 +ga4u9a1a2agp)
W|th p:l (TL _ 1)90510!2043044 — galazéascm . % (ga3a25a1a4 +ga4agéa3a1)

écnaz = gpaépaalag

0*1%2(g,,) is a symmetric tensor > 0%1%? = ag*1 (d : const.)

[lemma A2 of D.Lovelock, Arch.Ratl.Mech.Anal. 33 (1969) 54 restricted to symmetric part]

- Q(n — 2)9#Va1a2a3a4Ra3ala2a4 — 2gHvBalo¢2&3a4Ra3ala2a4 _ pHo2osoa v

o1z oy v

~ _ a3al gy
v
g(mla2r13(14 3a i 9a1a2ua4Ryala2a4 I QQIQQQSMRagalag
Ra3a1aga4 - *2(”, _ 1) 3~
7 ) n Nol oo v a v
0”a2a3a4Raaua2a4 — 0@1#a3a4Ra3alua4 — HalaguoqRualCQ(M — goraz SuRa?,alag _ _2(n - 1)R“
3a
9}“}'0&10420«‘3041% — G,uu
- esete0s = (T — 2)
*Theorem 1
3cia
mp A*Y = qGHY + bgH a=

(n—1)(n—2) Q.E.D.
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HOW TO GO BEYOND GR



How to go beyond GR?

* Lovelock’s theorem (to be more precise, corollary
2) assumes
* 4-dim. (pseudo-)Riemannian geometry
- the metric is the only physical field

(The theorem is at the level of eoms.)

* Modification of GR (at the level of eoms) then
requires at least one of the following
- extra dimension
- extra dof.
* Lorentz violation
* non (pseudo-)Riemannian geometry



Dark energy, dark matter, inflation, big-bang
singularity, cosmic magnetic field, etc.

Help constructing a theory of quantum gravity?
Superstring, Horava-Lifshitz, etc.

One of the best ways to understand something may
be to break (modify) it and then to reconstruct it.



V.

Effective field theory (EFT) approach
IR modification of gravity
motivation: dark energy/inflation, universality

Massive gravity
IR modification of gravity
motivation: “Can graviton have mass?” & dark energy

Minimally modified gravity
IR modification of gravity
motivation: tensions in cosmology, various constraints

Horava-Lifshitz gravity
UV modification of gravity
motivation: quantum gravity

Superstring theory
UV modification of gravity
motivation: quantum gravity, unified theory



	スライド 1: Introduction to Modified Gravity
	スライド 2: Motivation
	スライド 3: Why modified gravity?
	スライド 4: A motivation for IR modification
	スライド 5
	スライド 6: Why modified gravity?
	スライド 7
	スライド 8
	スライド 9: Why modified gravity?
	スライド 10: General Relativity and Lovelock’s theorem
	スライド 11: Equivalence principle and metric theories of gravity
	スライド 12: Einstein’s theory
	スライド 13: Einstein’s theory
	スライド 14: Uniqueness of GR (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)
	スライド 15: Uniqueness of GR (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)
	スライド 16: Uniqueness of GR (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)
	スライド 17: Uniqueness of GR (ref. D.Lovelock, Aquationes Mathematica 4 (1970) 127)
	スライド 18: How to go beyond GR
	スライド 19: How to go beyond GR?
	スライド 20: Why modified gravity?
	スライド 21: Some examples (my personal experiences)

