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QUASINORMAL MODES
•Schrödinger-like Equation
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QUASINORMAL MODES

Comparison to normal modes: eigenvalue problem

•Schrödinger-like Equation

•Boundary Conditions Energy is “leaking” out of the system
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QUASINORMAL MODES

Comparison to normal modes: eigenvalue problem

•Schrödinger-like Equation

•Boundary Conditions Energy is “leaking” out of the system

⇥
@2xx � P

⇤
 = �!2 

<latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0hhMiMMEbgnIzYyGc5+oWxAihvk=">AAACHHicbVBNSyNBEK1Rd9Vs3I1evTQrC3tJmMlFLyvCXvYYwaiQGUNNpyZp0vNBd40Yhvybvexf8SKoiP4be2IOfuyDgsd7VVTViwutLPv+k7eyuvbp8/rGZuNLc+vrt9Z289TmpZHUl7nOzXmMlrTKqM+KNZ0XhjCNNZ3F09+1f3ZJxqo8O+FZQVGK40wlSiI7adg6DDUlPAgLNKxQD6urq/lFV7RFFUrUojcXoVHjCUciLKwSv0Q7zFMao+uphWFrz+/4C4iPJFiSPViiN2zdhqNclillLDVaOwj8gqOq3i41zRthaalAOcUxDRzNMCUbVYs/5+KHU0YiyY2rjMVCfT1RYWrtLI1dZ4o8se+9WvyfNyg5OYgqlRUlUyZfFiWlFpyLOjQxUoYk65kjKI1ytwo5QYOSXbQNF0Lw/uWP5LTbCfxOcOzDBuzCd/gJAezDEfyBHvRBwl+4hju49/55N97DS1wr3jK3HXgD7/EZlA2jjg==</latexit><latexit sha1_base64="0hhMiMMEbgnIzYyGc5+oWxAihvk=">AAACHHicbVBNSyNBEK1Rd9Vs3I1evTQrC3tJmMlFLyvCXvYYwaiQGUNNpyZp0vNBd40Yhvybvexf8SKoiP4be2IOfuyDgsd7VVTViwutLPv+k7eyuvbp8/rGZuNLc+vrt9Z289TmpZHUl7nOzXmMlrTKqM+KNZ0XhjCNNZ3F09+1f3ZJxqo8O+FZQVGK40wlSiI7adg6DDUlPAgLNKxQD6urq/lFV7RFFUrUojcXoVHjCUciLKwSv0Q7zFMao+uphWFrz+/4C4iPJFiSPViiN2zdhqNclillLDVaOwj8gqOq3i41zRthaalAOcUxDRzNMCUbVYs/5+KHU0YiyY2rjMVCfT1RYWrtLI1dZ4o8se+9WvyfNyg5OYgqlRUlUyZfFiWlFpyLOjQxUoYk65kjKI1ytwo5QYOSXbQNF0Lw/uWP5LTbCfxOcOzDBuzCd/gJAezDEfyBHvRBwl+4hju49/55N97DS1wr3jK3HXgD7/EZlA2jjg==</latexit><latexit sha1_base64="seoVcGdauCxcRLYJJahIa5jXOLY="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit>

<latexit sha1_base64="Wv/2KRXM6rRHeUYCp3N6XNkIvOg="></latexit>

ω → e±iωx
<latexit sha1_base64="DxCsty8PdXsfhkcG5u4wz2CWH8g="></latexit>

x → ±↑

<latexit sha1_base64="o4yy5J8HwsJsGsS3jbQREHfghsc="></latexit>

ω = ωR + iωI
<latexit sha1_base64="DmsOdv34ZO6j4b3Yj4btidEazuc="></latexit>

ωI < 0



QUASINORMAL MODES

Comparison to normal modes: eigenvalue problem

•Schrödinger-like Equation

•Boundary Conditions Energy is “leaking” out of the system

⇥
@2xx � P

⇤
 = �!2 

<latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="0hhMiMMEbgnIzYyGc5+oWxAihvk=">AAACHHicbVBNSyNBEK1Rd9Vs3I1evTQrC3tJmMlFLyvCXvYYwaiQGUNNpyZp0vNBd40Yhvybvexf8SKoiP4be2IOfuyDgsd7VVTViwutLPv+k7eyuvbp8/rGZuNLc+vrt9Z289TmpZHUl7nOzXmMlrTKqM+KNZ0XhjCNNZ3F09+1f3ZJxqo8O+FZQVGK40wlSiI7adg6DDUlPAgLNKxQD6urq/lFV7RFFUrUojcXoVHjCUciLKwSv0Q7zFMao+uphWFrz+/4C4iPJFiSPViiN2zdhqNclillLDVaOwj8gqOq3i41zRthaalAOcUxDRzNMCUbVYs/5+KHU0YiyY2rjMVCfT1RYWrtLI1dZ4o8se+9WvyfNyg5OYgqlRUlUyZfFiWlFpyLOjQxUoYk65kjKI1ytwo5QYOSXbQNF0Lw/uWP5LTbCfxOcOzDBuzCd/gJAezDEfyBHvRBwl+4hju49/55N97DS1wr3jK3HXgD7/EZlA2jjg==</latexit><latexit sha1_base64="0hhMiMMEbgnIzYyGc5+oWxAihvk=">AAACHHicbVBNSyNBEK1Rd9Vs3I1evTQrC3tJmMlFLyvCXvYYwaiQGUNNpyZp0vNBd40Yhvybvexf8SKoiP4be2IOfuyDgsd7VVTViwutLPv+k7eyuvbp8/rGZuNLc+vrt9Z289TmpZHUl7nOzXmMlrTKqM+KNZ0XhjCNNZ3F09+1f3ZJxqo8O+FZQVGK40wlSiI7adg6DDUlPAgLNKxQD6urq/lFV7RFFUrUojcXoVHjCUciLKwSv0Q7zFMao+uphWFrz+/4C4iPJFiSPViiN2zdhqNclillLDVaOwj8gqOq3i41zRthaalAOcUxDRzNMCUbVYs/5+KHU0YiyY2rjMVCfT1RYWrtLI1dZ4o8se+9WvyfNyg5OYgqlRUlUyZfFiWlFpyLOjQxUoYk65kjKI1ytwo5QYOSXbQNF0Lw/uWP5LTbCfxOcOzDBuzCd/gJAezDEfyBHvRBwl+4hju49/55N97DS1wr3jK3HXgD7/EZlA2jjg==</latexit><latexit sha1_base64="seoVcGdauCxcRLYJJahIa5jXOLY="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit><latexit sha1_base64="2YcU4TNdpEmIcBg/ickc2r3Akpc="></latexit>

<latexit sha1_base64="Wv/2KRXM6rRHeUYCp3N6XNkIvOg="></latexit>

ω → e±iωx
<latexit sha1_base64="DxCsty8PdXsfhkcG5u4wz2CWH8g="></latexit>

x → ±↑

<latexit sha1_base64="o4yy5J8HwsJsGsS3jbQREHfghsc="></latexit>

ω = ωR + iωI
<latexit sha1_base64="DmsOdv34ZO6j4b3Yj4btidEazuc="></latexit>

ωI < 0

<latexit sha1_base64="N786EHjLheTgMq0CcFfpJVBiMnI="></latexit>

ω → e±|ωI|x ↑ ↓



QUASINORMAL MODES

Comparison to normal modes: eigenvalue problem

•Schrödinger-like Equation

•Boundary Conditions Energy is “leaking” out of the system
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Dynamical Stability: Time evolution 
remains finite and decay in time



QUASINORMAL MODES

•Boundary Conditions

•Wave equation

Energy is “leaking” out of the system
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QUASINORMAL MODES

•Boundary Conditions

•Wave equation

Energy is “leaking” out of the system
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Wave phenomena relies upon a geometrical structure on space+time. 
Limits on spatial coordinates are taken along surfaces of constant time.

What’s the meaning of time? Which time coordinate? 
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CONFORMAL COMPACTIFICATION

Physical manifold (M, g)

geometrical structure on space+time: Lorentzian Manifold
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Physical manifold (M, g)

geometrical structure on space+time: Lorentzian Manifold
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Physical manifold (M, g)

geometrical structure on space+time: Lorentzian Manifold
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Unphysical manifold
Boundary: (⌦ = 0)
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geometrical structure on space+time: Lorentzian Manifold

Physical manifold (M, g)
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Unphysical manifold
Boundary: (⌦ = 0)
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Physical manifold (M, g)

 Conformal Methods 
in General Relativity

 Juan A. Valiente Kroon

Conformal Infinity

 Jörg Frauendiener

The conformal structure of 
space-times: Geometry, 
Analysis and Numerics
 J. Frauendiener, H. Friedrich

At the interface of asymptotic, 
conformal methods and analysis in 

general relativity
 Juan A. Valiente Kroon, G. Taujanskas
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Formal mathematical notion 
of wave zone
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future null infinity

pas
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infi

nit
y

<latexit sha1_base64="+ysRJJrsxRqaxzps8IkxvvS43vU="></latexit>

ω = cte

COORDINATES



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Hyperboloid:  
<latexit sha1_base64="MZC18u7RbSO1u61/dnB4AF1tUvc=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxItklRL2YEL14xEQeCaxkdhhgwuzDmV4i2fAdXjxojFc/xpt/4wB7ULCS7lSqujM95UVSaLTtbyuzsrq2vpHdzG1t7+zu5fcP6jqMFeM1FspQNT2quRQBr6FAyZuR4tT3JG94w5up3xhxpUUY3OM44q5P+4HoCUbRSC4+lMgZeTL9ijidfMEu2jOQZeKkpAApqp38V7sbstjnATJJtW45doRuQhUKJvkk1441jygb0j5vGRpQn2s3mR09ISdG6ZJeqEwFSGbq742E+lqPfc9M+hQHetGbiv95rRh7l24igihGHrD5Q71YEgzJNAHSFYozlGNDKFPC3ErYgCrK0OSUMyE4i19eJvVS0Tkvlu/Khcp1GkcWjuAYTsGBC6jALVShBgwe4Rle4c0aWS/Wu/UxH81Y6c4h/IH1+QPLL5As</latexit>

t2 � x2 = 1

x

t



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Hyperboloid:  
<latexit sha1_base64="w1WKE0XfC3aVFAXaDO28uKyZArQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQFy0zpagboejGZQX7gHYsmTTThmYyQ3JHLEPBX3HjQhG3foc7/8b0sdDWA/dyOOdecnP8WHANjvNtLS2vrK6tZzaym1vbO7v23n5dR4mirEYjEammTzQTXLIacBCsGStGQl+whj+4HvuNB6Y0j+QdDGPmhaQnecApASN17MM8FHAbSHJ6X8IF/Gj6JXY7ds4pOhPgReLOSA7NUO3YX+1uRJOQSaCCaN1ynRi8lCjgVLBRtp1oFhM6ID3WMlSSkGkvnZw/widG6eIgUqYk4In6eyMlodbD0DeTIYG+nvfG4n9eK4Hgwku5jBNgkk4fChKBIcLjLHCXK0ZBDA0hVHFzK6Z9oggFk1jWhODOf3mR1EtF96xYvi3nKlezODLoCB2jPHLROaqgG1RFNURRip7RK3qznqwX6936mI4uWbOdA/QH1ucPAG2S8Q==</latexit>

(t� ⌧)2 � x2 = 1

x

t

τ = 0



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Hyperboloid:  
<latexit sha1_base64="w1WKE0XfC3aVFAXaDO28uKyZArQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQFy0zpagboejGZQX7gHYsmTTThmYyQ3JHLEPBX3HjQhG3foc7/8b0sdDWA/dyOOdecnP8WHANjvNtLS2vrK6tZzaym1vbO7v23n5dR4mirEYjEammTzQTXLIacBCsGStGQl+whj+4HvuNB6Y0j+QdDGPmhaQnecApASN17MM8FHAbSHJ6X8IF/Gj6JXY7ds4pOhPgReLOSA7NUO3YX+1uRJOQSaCCaN1ynRi8lCjgVLBRtp1oFhM6ID3WMlSSkGkvnZw/widG6eIgUqYk4In6eyMlodbD0DeTIYG+nvfG4n9eK4Hgwku5jBNgkk4fChKBIcLjLHCXK0ZBDA0hVHFzK6Z9oggFk1jWhODOf3mR1EtF96xYvi3nKlezODLoCB2jPHLROaqgG1RFNURRip7RK3qznqwX6936mI4uWbOdA/QH1ucPAG2S8Q==</latexit>

(t� ⌧)2 � x2 = 1

x

t

τ = 0

x

t

τ = 1



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Hyperboloid:  
<latexit sha1_base64="w1WKE0XfC3aVFAXaDO28uKyZArQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQFy0zpagboejGZQX7gHYsmTTThmYyQ3JHLEPBX3HjQhG3foc7/8b0sdDWA/dyOOdecnP8WHANjvNtLS2vrK6tZzaym1vbO7v23n5dR4mirEYjEammTzQTXLIacBCsGStGQl+whj+4HvuNB6Y0j+QdDGPmhaQnecApASN17MM8FHAbSHJ6X8IF/Gj6JXY7ds4pOhPgReLOSA7NUO3YX+1uRJOQSaCCaN1ynRi8lCjgVLBRtp1oFhM6ID3WMlSSkGkvnZw/widG6eIgUqYk4In6eyMlodbD0DeTIYG+nvfG4n9eK4Hgwku5jBNgkk4fChKBIcLjLHCXK0ZBDA0hVHFzK6Z9oggFk1jWhODOf3mR1EtF96xYvi3nKlezODLoCB2jPHLROaqgG1RFNURRip7RK3qznqwX6936mI4uWbOdA/QH1ucPAG2S8Q==</latexit>

(t� ⌧)2 � x2 = 1

x

t

τ = 0

x

t

τ = 1

x

t

τ = 2



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Hyperboloid:  
<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Conformal Transformation:  <latexit sha1_base64="/+MM+4WEN/jZCdyUHZb5oJ2AjoA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTATgnoRgl68GcEskJmEnp6apEnPQnePEIbcvPgrXjwo4tVf8Obf2FkOmvig4PFeFVX1vIQzqSzr28gtLa+sruXXCxubW9s75u5eQ8apoFCnMY9FyyMSOIugrpji0EoEkNDj0PQG12O/+QBCsji6V8ME3JD0IhYwSpSWuuahLztlfImd2xB6pJOdlkfYdxTjPmDtdM2iVbImwIvEnpEimqHWNb8cP6ZpCJGinEjZtq1EuRkRilEOo4KTSkgIHZAetDWNSAjSzSZ/jPCxVnwcxEJXpPBE/T2RkVDKYejpzpCovpz3xuJ/XjtVwYWbsShJFUR0uihIOVYxHoeCfSaAKj7UhFDB9K2Y9okgVOnoCjoEe/7lRdIol+yzUuWuUqxezeLIowN0hE6Qjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCAoJfT</latexit>

ds2 = ⌦�2ds̃2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Conformal Transformation:  <latexit sha1_base64="/+MM+4WEN/jZCdyUHZb5oJ2AjoA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTATgnoRgl68GcEskJmEnp6apEnPQnePEIbcvPgrXjwo4tVf8Obf2FkOmvig4PFeFVX1vIQzqSzr28gtLa+sruXXCxubW9s75u5eQ8apoFCnMY9FyyMSOIugrpji0EoEkNDj0PQG12O/+QBCsji6V8ME3JD0IhYwSpSWuuahLztlfImd2xB6pJOdlkfYdxTjPmDtdM2iVbImwIvEnpEimqHWNb8cP6ZpCJGinEjZtq1EuRkRilEOo4KTSkgIHZAetDWNSAjSzSZ/jPCxVnwcxEJXpPBE/T2RkVDKYejpzpCovpz3xuJ/XjtVwYWbsShJFUR0uihIOVYxHoeCfSaAKj7UhFDB9K2Y9okgVOnoCjoEe/7lRdIol+yzUuWuUqxezeLIowN0hE6Qjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCAoJfT</latexit>

ds2 = ⌦�2ds̃2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2

Physical metric
Irregular at I +



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Conformal Transformation:  <latexit sha1_base64="/+MM+4WEN/jZCdyUHZb5oJ2AjoA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTATgnoRgl68GcEskJmEnp6apEnPQnePEIbcvPgrXjwo4tVf8Obf2FkOmvig4PFeFVX1vIQzqSzr28gtLa+sruXXCxubW9s75u5eQ8apoFCnMY9FyyMSOIugrpji0EoEkNDj0PQG12O/+QBCsji6V8ME3JD0IhYwSpSWuuahLztlfImd2xB6pJOdlkfYdxTjPmDtdM2iVbImwIvEnpEimqHWNb8cP6ZpCJGinEjZtq1EuRkRilEOo4KTSkgIHZAetDWNSAjSzSZ/jPCxVnwcxEJXpPBE/T2RkVDKYejpzpCovpz3xuJ/XjtVwYWbsShJFUR0uihIOVYxHoeCfSaAKj7UhFDB9K2Y9okgVOnoCjoEe/7lRdIol+yzUuWuUqxezeLIowN0hE6Qjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCAoJfT</latexit>

ds2 = ⌦�2ds̃2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2

Physical metric
Irregular at I +

I +

⌦ = 0
located at 



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Conformal Transformation:  <latexit sha1_base64="/+MM+4WEN/jZCdyUHZb5oJ2AjoA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTATgnoRgl68GcEskJmEnp6apEnPQnePEIbcvPgrXjwo4tVf8Obf2FkOmvig4PFeFVX1vIQzqSzr28gtLa+sruXXCxubW9s75u5eQ8apoFCnMY9FyyMSOIugrpji0EoEkNDj0PQG12O/+QBCsji6V8ME3JD0IhYwSpSWuuahLztlfImd2xB6pJOdlkfYdxTjPmDtdM2iVbImwIvEnpEimqHWNb8cP6ZpCJGinEjZtq1EuRkRilEOo4KTSkgIHZAetDWNSAjSzSZ/jPCxVnwcxEJXpPBE/T2RkVDKYejpzpCovpz3xuJ/XjtVwYWbsShJFUR0uihIOVYxHoeCfSaAKj7UhFDB9K2Y9okgVOnoCjoEe/7lRdIol+yzUuWuUqxezeLIowN0hE6Qjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCAoJfT</latexit>

ds2 = ⌦�2ds̃2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2

Physical metric
Irregular at I +

“non-physical” metric
regular at I +I +

⌦ = 0
located at 



•Minkowski Spacetime:  
HYPERBOLOIDS

<latexit sha1_base64="GDhmZjaBV+sZLGY4nSiY/EnWYcs=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWQRBLUoq6EYpuXFawF2jTMplM2qGTCzMTsYbiq7hxoYhb38Odb+O0zUKrPwx8/OcczpnfjTmTyrK+jNzC4tLySn61sLa+sbllbu80ZJQIQusk4pFouVhSzkJaV0xx2ooFxYHLadMdXk3qzTsqJIvCWzWKqRPgfsh8RrDSVs/c82S3jC7QCfKUhmPk3XfLPbNolayp0F+wMyhCplrP/Ox4EUkCGirCsZRt24qVk2KhGOF0XOgkksaYDHGftjWGOKDSSafXj9GhdjzkR0K/UKGp+3MixYGUo8DVnQFWAzlfm5j/1dqJ8s+dlIVxomhIZov8hCMVoUkUyGOCEsVHGjARTN+KyAALTJQOrKBDsOe//Bca5ZJ9WqrcVIrVyyyOPOzDARyBDWdQhWuoQR0IPMATvMCr8Wg8G2/G+6w1Z2Qzu/BLxsc33EuS7A==</latexit>

ds2 = �dt2 + dx2

•Conformal Transformation:  <latexit sha1_base64="/+MM+4WEN/jZCdyUHZb5oJ2AjoA=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTATgnoRgl68GcEskJmEnp6apEnPQnePEIbcvPgrXjwo4tVf8Obf2FkOmvig4PFeFVX1vIQzqSzr28gtLa+sruXXCxubW9s75u5eQ8apoFCnMY9FyyMSOIugrpji0EoEkNDj0PQG12O/+QBCsji6V8ME3JD0IhYwSpSWuuahLztlfImd2xB6pJOdlkfYdxTjPmDtdM2iVbImwIvEnpEimqHWNb8cP6ZpCJGinEjZtq1EuRkRilEOo4KTSkgIHZAetDWNSAjSzSZ/jPCxVnwcxEJXpPBE/T2RkVDKYejpzpCovpz3xuJ/XjtVwYWbsShJFUR0uihIOVYxHoeCfSaAKj7UhFDB9K2Y9okgVOnoCjoEe/7lRdIol+yzUuWuUqxezeLIowN0hE6Qjc5RFd2gGqojih7RM3pFb8aT8WK8Gx/T1pwxm9lHf2B8/gCAoJfT</latexit>

ds2 = ⌦�2ds̃2

•Compactification: (e.g.)  
<latexit sha1_base64="ndoul5MT4RGYT1Uyd56Y6/uvlVQ="></latexit>

y = arctanx y 2
h
�⇡

2
,
⇡

2

i
•Hyperboloid:  

<latexit sha1_base64="iS1rFrcKiJ8nWU6wo5t8UWtjkac=">AAACAHicbVDLSgNBEJyNrxhfqx48eBkMgiCG3RDUixD04jGCeUB2DbOTSTJk9uFMrxiWvfgrXjwo4tXP8ObfOEn2oIkFDUVVN91dXiS4Asv6NnILi0vLK/nVwtr6xuaWub3TUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXo395gOTiofBLYwi5vqkH/AepwS01DH3HCAxvsCAT7Cj7iUk9vHjXTntmEWrZE2A54mdkSLKUOuYX043pLHPAqCCKNW2rQjchEjgVLC04MSKRYQOSZ+1NQ2Iz5SbTB5I8aFWurgXSl0B4In6eyIhvlIj39OdPoGBmvXG4n9eO4beuZvwIIqBBXS6qBcLDCEep4G7XDIKYqQJoZLrWzEdEEko6MwKOgR79uV50iiX7NNS5aZSrF5mceTRPjpAR8hGZ6iKrlEN1RFFKXpGr+jNeDJejHfjY9qaM7KZXfQHxucPkaSVIA==</latexit>

⌧ = t�
p

1 + x2

Physical metric
Irregular at I +

“non-physical” metric
regular at I +I +

⌦ = 0
located at 

<latexit sha1_base64="UyhWInOPCj7HpJkaJOg87Ow1DvE=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyWRom6Eoht3VrAPaEKZTCft0JlMmJkoIfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77wliRpV2nG+rsLK6tr5R3Cxtbe/s7tnl/bYSicSkhQUTshsgRRiNSEtTzUg3lgTxgJFOML6e+p0HIhUV0b1OY+JzNIxoSDHSRurbZe+WkyGCl9DDQlXTE9i3K07NmQEuEzcnFZCj2be/vIHACSeRxgwp1XOdWPsZkppiRiYlL1EkRniMhqRnaIQ4UX42O30Cj40ygKGQpiINZ+rviQxxpVIemE6O9EgtelPxP6+X6PDCz2gUJ5pEeL4oTBjUAk5zgAMqCdYsNQRhSc2tEI+QRFibtEomBHfx5WXSPq25Z7X6Xb3SuMrjKIJDcASqwAXnoAFuQBO0AAaP4Bm8gjfryXqx3q2PeWvBymcOwB9Ynz8w/5Kr</latexit>

⌦ = cos(y)
<latexit sha1_base64="nrYJaLi7OJRfBih19H0q7yH//04="></latexit>

ds̃2 = → cos2(y)dω2 → 2 sin(y)dωdy + dy2
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•Fundamental Structure in Lorentzian Geometry

HYPERBOLOIDS

Riemannian Geometry Spherical Coordinates
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◆
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✓
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� sin ✓ cos ✓
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•Fundamental Structure in Lorentzian Geometry

HYPERBOLOIDS

Riemannian Geometry Spherical Coordinates
<latexit sha1_base64="Td6/z6IzxWjRQ/fBSDfmkt7/dMs="></latexit>

ds2 = dx2 + dy2

<latexit sha1_base64="DZzBQ4aurQt7OINoEk3k9ZbQK6E="></latexit>✓
x0

y0

◆
=

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆✓
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y

◆

Lorentzian Geometry
<latexit sha1_base64="1cLMcXrUKg2mEi8GHH4kP86vDps="></latexit>✓
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◆
=

✓
cosh � sinh �
sinh � cosh �

◆✓
t
x

◆

<latexit sha1_base64="tj+dVC2dOQhMUAJ+vnx5spr8x8k="></latexit>

ds2 = �dt2 + dx2
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<latexit sha1_base64="Td6/z6IzxWjRQ/fBSDfmkt7/dMs="></latexit>

ds2 = dx2 + dy2

<latexit sha1_base64="DZzBQ4aurQt7OINoEk3k9ZbQK6E="></latexit>✓
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y0
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✓
cos ✓ sin ✓
� sin ✓ cos ✓
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Lorentzian Geometry Hyperboloidal Coordinates
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✓
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◆
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•Fundamental Structure in Lorentzian Geometry
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Riemannian Geometry Spherical Coordinates
<latexit sha1_base64="Td6/z6IzxWjRQ/fBSDfmkt7/dMs="></latexit>

ds2 = dx2 + dy2

<latexit sha1_base64="DZzBQ4aurQt7OINoEk3k9ZbQK6E="></latexit>✓
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y0

◆
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✓
cos ✓ sin ✓
� sin ✓ cos ✓
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Lorentzian Geometry Hyperboloidal Coordinates
<latexit sha1_base64="1cLMcXrUKg2mEi8GHH4kP86vDps="></latexit>✓
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x0

◆
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✓
cosh � sinh �
sinh � cosh �

◆✓
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◆

<latexit sha1_base64="tj+dVC2dOQhMUAJ+vnx5spr8x8k="></latexit>

ds2 = �dt2 + dx2

<latexit sha1_base64="8MhySDfBYwvGWRpBN/Uqurm9Lhc="></latexit>

v = tanh �

[Anil Zenginoglu]



BLACK HOLE SPACETIME
<latexit sha1_base64="PtAO9P9gws6Inaxb5fZ1lx0/jP0="></latexit>

f(r) = 1� rh
r

<latexit sha1_base64="aZjsqn1vp9g3byLK8uMZ3MDpOjE="></latexit>

ds2 = �f(r)dt2 +
1

f(r)
dr2 + r2

✓
d✓2 + sin2 ✓d'2

◆

t

<latexit sha1_base64="RtVFMLYlTVANyh2MUoDa+pUaVdg="></latexit>r
<latexit sha1_base64="CjoFDNLapZNoBhZ9HoyDn19lV2I="></latexit>rh

<latexit sha1_base64="2vngEilfxS7q8aHXQySbEwhAOCc="></latexit>1



BLACK HOLE SPACETIME
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!
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✓
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BLACK HOLE SPACETIME
<latexit sha1_base64="PtAO9P9gws6Inaxb5fZ1lx0/jP0="></latexit>

f(r) = 1� rh
r
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<latexit sha1_base64="RtVFMLYlTVANyh2MUoDa+pUaVdg="></latexit>r
<latexit sha1_base64="CjoFDNLapZNoBhZ9HoyDn19lV2I="></latexit>rh
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◆
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f(r)

<latexit sha1_base64="T2mDCq799GN1Y3ARx/3bveIpy+8="></latexit>r⇤
<latexit sha1_base64="ErI33CzK9rISLR76y0XvFAOFqbY="></latexit>�1

<latexit sha1_base64="2vngEilfxS7q8aHXQySbEwhAOCc="></latexit>1



COORDINATES
t

spatial infinity
t = cte

space-like surface
<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1
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COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

<latexit sha1_base64="jeFb1l82CIQsunkEj6JCk4V+ZEU="></latexit> r ⇤
!
�1

whit
e h

ole

fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

<latexit sha1_base64="jeFb1l82CIQsunkEj6JCk4V+ZEU="></latexit> r ⇤
!
�1

whit
e h

ole

<latexit sha1_base64="RMRg1cbkhnWJd2jpgfrVPlVNjEs="></latexit>r⇤ !
�1

Black hole fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

<latexit sha1_base64="jeFb1l82CIQsunkEj6JCk4V+ZEU="></latexit> r ⇤
!
�1

whit
e h

ole

<latexit sha1_base64="RMRg1cbkhnWJd2jpgfrVPlVNjEs="></latexit>r⇤ !
�1

Black hole fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

<latexit sha1_base64="jeFb1l82CIQsunkEj6JCk4V+ZEU="></latexit> r ⇤
!
�1

whit
e h

ole

<latexit sha1_base64="RMRg1cbkhnWJd2jpgfrVPlVNjEs="></latexit>r⇤ !
�1

Black hole fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

spatial infinity
t = cte

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit>

r⇤ ! 1<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ=">AAAEHXicdZPNbtNAFIWnCT/F/KWwYMFmRBSBkIjskGK6qFSRDV0gFUraSnEUTcbXySj22JoZJ0SWn4UFW3gMdogt4iV4Bsax3cYhjGT5+nzH91yPNePIZ1KZ5u+dWv3a9Rs3d28Zt+/cvXe/sffgTIaxoNCnoR+KizGR4DMOfcWUDxeRABKMfTgfz3oZP5+DkCzkH9UygmFAJpx5jBKlpVHjkRg9x45gk6kiQoQL/MJh3FPLUa </latexit>

r⇤ ! �1
Bifurcation (wormhole)

<latexit sha1_base64="jeFb1l82CIQsunkEj6JCk4V+ZEU="></latexit> r ⇤
!
�1

whit
e h

ole

<latexit sha1_base64="RMRg1cbkhnWJd2jpgfrVPlVNjEs="></latexit>r⇤ !
�1

Black hole fut
ure

 nu
ll in

fini
ty

nul
l su

rfa
ce

<latexit sha1_base64="N161PKcBH9VWGZ7KMVbMw1mrawc="></latexit> u
=
ct
e

<latexit sha1_base64="vb9aftOslCN+YTzVd4YxbFQt05Q="></latexit> r ⇤
!
1

<latexit sha1_base64="S8nzxhOlj1QZ89LEkyfyGz+KJFk="></latexit>v
=
cte

past null infinity

<latexit sha1_base64="9mdaBsHCqpnTtID19G4m9wHBjPw="></latexit>r⇤ !
1

Black hole + Gravitational wave physics

How to reach the black hole region and wave zone 
at the same time



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

fut
ure

 nu
ll in

fi


Black hole
<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

hyperboloid

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1



COORDINATES
t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

hyperboloidal

fut
ure

 nu
ll in

fi


Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1



t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

www.hyperboloid.al

fut
ure

 nu
ll in

fi


Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1

COORDINATES



t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

www.hyperboloid.al

fut
ure

 nu
ll in

fi


Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1

COORDINATES



t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

www.hyperboloid.al

fut
ure

 nu
ll in

fi


Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1

COORDINATES



t

<latexit sha1_base64="wsY2pAm8Dp/kMGYG9iiDAWns2yU="></latexit>r⇤

space-like surface

<latexit sha1_base64="LQVICl6BIpiEFYxCK/Mhv1zXiDE="></latexit> r ⇤
!
1

<latexit sha1_base64="pMih955xinsX7YZEKl8M393+v+A="></latexit>

⌧ = cte

www.hyperboloid.al

fut
ure

 nu
ll in

fi


Black hole

<latexit sha1_base64="q356InzDk51bPWskWpOjMCtrNHQ="></latexit>r⇤ !
�1

COORDINATES



HYPERBOLOIDAL GEOMETRY



• Compactified hyperboloidal coordinates:
<latexit sha1_base64="CCvW6EHK5lzkqNoVYQybrM5mYys=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZCeox6MVjBLNAZgg1nU7SpGehuyYQQo5e/BUvHhTx6id482/sLAdNfNDU470qqusFiRQaHefbyqysrq1vZDdzW9s7u3v2/kFNx6livMpiGatGAJpLEfEqCpS8kSgOYSB5PejfTvz6gCst4ugBhwn3Q+hGoiMYoJFa9nHBQ0jPqadFNwRTscdxUgegkp44a9l5p+hMQZeJOyd5MkelZX957ZilIY+QSdC66ToJ+iNQKJjk45yXap4A60OXNw2NIOTaH00PGdNTo7RpJ1bmRUin6u+JEYRaD8PAdIaAPb3oTcT/vGaKnWt/JKIkRR6x2aJOKinGdJIKbQvFGcqhIcCUMH+lrAcKGJrsciYEd/HkZVK7KLqXxdJ9KV++mceRJUfkhBSIS65ImdyRCqkSRh7JM3klb9aT9WK9Wx+z1ow1nzkkf2B9/gC7LpiK</latexit>

(⌧,�, ✓,')

HYPERBOLOIDAL GEOMETRY



• Compactified hyperboloidal coordinates:
<latexit sha1_base64="CCvW6EHK5lzkqNoVYQybrM5mYys=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZCeox6MVjBLNAZgg1nU7SpGehuyYQQo5e/BUvHhTx6id482/sLAdNfNDU470qqusFiRQaHefbyqysrq1vZDdzW9s7u3v2/kFNx6livMpiGatGAJpLEfEqCpS8kSgOYSB5PejfTvz6gCst4ugBhwn3Q+hGoiMYoJFa9nHBQ0jPqadFNwRTscdxUgegkp44a9l5p+hMQZeJOyd5MkelZX957ZilIY+QSdC66ToJ+iNQKJjk45yXap4A60OXNw2NIOTaH00PGdNTo7RpJ1bmRUin6u+JEYRaD8PAdIaAPb3oTcT/vGaKnWt/JKIkRR6x2aJOKinGdJIKbQvFGcqhIcCUMH+lrAcKGJrsciYEd/HkZVK7KLqXxdJ9KV++mceRJUfkhBSIS65ImdyRCqkSRh7JM3klb9aT9WK9Wx+z1ow1nzkkf2B9/gC7LpiK</latexit>

(⌧,�, ✓,')
<latexit sha1_base64="bmhRSS9xIZMYYSThazsLgwfMBr4=">AAACEXicbVDLSgMxFM3UV62vUZdugkWomzIjRd0IRTcuK9gHdIaSyWTa0EwyJBmhDPMLbvwVNy4UcevOnX9j2s5CWw8EDufcw809QcKo0o7zbZVWVtfWN8qbla3tnd09e/+go0QqMWljwYTsBUgRRjlpa6oZ6SWSoDhgpBuMb6Z+94FIRQW/15OE+DEachpRjLSRBnZNwivoMRMIEfTCSCKceXIkap6iwxid5tmc5AO76tSdGeAycQtSBQVaA/vLCwVOY8I1Zkipvusk2s+Q1BQzkle8VJEE4TEakr6hHMVE+dnsohyeGCWEkZDmcQ1n6u9EhmKlJnFgJmOkR2rRm4r/ef1UR5d+RnmSasLxfFGUMqgFnNYDQyoJ1mxiCMKSmr9CPEKmFW1KrJgS3MWTl0nnrO6e1xt3jWrzuqijDI7AMagBF1yAJrgFLdAGGDyCZ/AK3qwn68V6tz7moyWryByCP7A+fwD+k50s</latexit>

r = �
⇢(�)

�

<latexit sha1_base64="/NWOyRbSR6nATJQn7xMwVTHpgE0=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vHp2d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w87JJN6</latexit>, <latexit sha1_base64="PNpYAISX61nE/EBQiKsE3S6JEoA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEKlISKepGKLpxWcE+oAlhMpm0Q2eSMDMRSyhu/BU3LhRx61e482+ctllo64GBwzn3cOceP2FUKsv6NgoLi0vLK8XV0tr6xuaWub3TknEqMGnimMWi4yNJGI1IU1HFSCcRBHGfkbY/uB777XsiJI2jOzVMiMtRL6IhxUhpyTP3hHcML6HDdCRAzgl8qDiS9jg68syyVbUmgPPEzkkZ5Gh45pcTxDjlJFKYISm7tpUoN0NCUczIqOSkkiQID1CPdDWNECfSzSYnjOChVgIYxkK/SMGJ+juRIS7lkPt6kiPVl7PeWPzP66YqvHAzGiWpIhGeLgpTBlUMx33AgAqCFRtqgrCg+q8Q95FAWOnWSroEe/bkedI6rdpn1dptrVy/yusogn1wACrABuegDm5AAzQBBo/gGbyCN+PJeDHejY/paMHIM7vgD4zPH79BlcE=</latexit>

r⇤ = �x(�)

<latexit sha1_base64="s9H3LKroeguuaeQrJ09uX68DfD0="></latexit>

t = �

 
⌧ �H(�)

!

HYPERBOLOIDAL GEOMETRY

<latexit sha1_base64="1Hq1AwFRc0xhAhQuq9nSQ7kiENg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTkQNwW6p7Ff8GcgyCXJShhy1bumr09MsS7hCJqm17cBPMRxTg4JJPil2MstTyoa0z9uOKppwG45n107IqVN6JNbGlUIyU39PjGli7SiJXGdCcWAXvan4n9fOML4Ox0KlGXLF5oviTBLUZPo66QnDGcqRI5QZ4W4lbEANZegCKroQgsWXl0njvBJcVvz7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcGj/AMr/Dmae/Fe/c+5q0rXj5zBH/gff4AMFKO4A==</latexit>

t̄

<latexit sha1_base64="Gj1xmVqlW3b9+J3oqGRDp1t9WgM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh6LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKV2mekK1SI41654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5XvUuq+79RaV2k8dRhCM4hlPw4ApqcAd1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz+BW4+g</latexit>

+1<latexit sha1_base64="FvCylrBi9hYoN/9hffFMyofd/sM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx4r2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFK7TPSFSrEca9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZvRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmT5P+kJzhnJsCWVa2FsJG1JNGdqISjYEb/HlZdI8r3qXVff+olK7yeMowhEcwyl4cAU1uIM6NICBhGd4hTfn0Xlx3p2PeWvByWcO4Q+czx+EcY+i</latexit>�1

<latexit sha1_base64="lCedxjNk/DYMPs6qZXTtQUTGNXI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKOZSH2k6qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bH7rjJxZZUjCWNtSSObq74mMRsZMo8B2RhTHZtnLxf+8XorhjZ8JlaTIFVssClNJMCb542QoNGcop5ZQpoW9lbAx1ZShjadiQ/CWX14l7Yu6d1V3Hy5rjdsijjKcwCmcgwfX0IB7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ASLTjk0=</latexit>⌧

<latexit sha1_base64="KZtEY6D3G0N6zovOdYsO7RDOBWk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxQOM6g==</latexit>a
<latexit sha1_base64="S361tnDdhEezOrnqdPicKgJn4xc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxoeM6w==</latexit>

b

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit> ⌧
=
co
ns
t.

<latexit sha1_base64="IBUEhj3/TnJOmUME+bruyOIDj8s=">AAAB/HicdVDLSgNBEJyNrxhfqzl6GQyCp2U2Bk0OQtCLxwjmAUkIs5NJMmR2dpnpFcISf8WLB0W8+iHe/BsnD0FFCxqKqm66u4JYCgOEfDiZldW19Y3sZm5re2d3z90/aJgo0YzXWSQj3Qqo4VIoXgcBkrdizWkYSN4Mxlczv3nHtRGRuoVJzLshHSoxEIyClXpuvgM0wRc47egQs0gZ8KY9t0C8MqkUKz4mHiF+pTwnp3655GPfKjMU0BK1nvve6UcsCbkCJqkxbZ/E0E2pBsEkn+Y6ieExZWM65G1LFQ256abz46f42Cp9PIi0LQV4rn6fSGlozCQMbGdIYWR+ezPxL6+dwKDcTYWKE+CKLRYNEokhwrMkcF9ozkBOLKFMC3srZiOqKQObV86G8PUp/p80ip5/5pGbUqF6uYwjiw7RETpBPjpHVXSNaqiOGJqgB/SEnp1759F5cV4XrRlnOZNHP+C8fQIpk5R6</latexit>

⌧ = const.

<latexit sha1_base64="udXYIe/uNiMCR865eAdeM3i/5H0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquiHoseumxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySD2YaU1/gkWQhI9hY6bFR7Ws2Evh8UK64NXcOtEq8nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6K/UTTWNMJnhEe5ZKLKj20/nBM3RmlSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSEN37KZJwYKsliUZhwZCKUfY+GTFFi+NQSTBSztyIyxgoTYzMq2RC85ZdXSfui5l3VvPvLSv02j6MIJ3AKVfDgGurQgCa0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A/rfj+A=</latexit>

H(�)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x

<latexit sha1_base64="YxJ0T/s0GaXh6oPVFWU91bSC6yc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquiHoRil48VrAf0C4lm2bb0CS7JtliWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/lP6Br1yx3N+gKfdoslt+LOgJaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOJ4VOommMyRD3adtSiQXVfjo7eoJOrNJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4ZWfMhknhkoyXxQmHJkITRNAPaYoMXxsCSaK2VsRGWCFibE5FWwI3uLLy6RxVvEuKt79eal6k8WRhyM4hjJ4cAlVuIMa1IHAIzzDK7w5I+fFeXc+5q05J5s5hD9wPn8APLKRHA==</latexit>

x = g(�)

<latexit sha1_base64="N/EBWZoOVLkLENSRb/DG5XWv4dg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWjW4v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnlePKQ==</latexit>�

<latexit sha1_base64="YxJ0T/s0GaXh6oPVFWU91bSC6yc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquiHoRil48VrAf0C4lm2bb0CS7JtliWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/lP6Br1yx3N+gKfdoslt+LOgJaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOJ4VOommMyRD3adtSiQXVfjo7eoJOrNJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4ZWfMhknhkoyXxQmHJkITRNAPaYoMXxsCSaK2VsRGWCFibE5FWwI3uLLy6RxVvEuKt79eal6k8WRhyM4hjJ4cAlVuIMa1IHAIzzDK7w5I+fFeXc+5q05J5s5hD9wPn8APLKRHA==</latexit>

x = g(�)



PERTURBATION THEORY
•Wave equation on black-hole background

: Perturbation field
: Potential

<latexit sha1_base64="waFjMNyg8qeQi1QG0dhcVFxJEtI="></latexit>

→!,tt +!,r→r→ → V(r)! = 0

<latexit sha1_base64="vUzoGIYJU+nCW4ZIcmEpwdKie7M=">AAAEEHicbZPNbtNAFIWnNT/F/LWwZDMiiiibyEbQsKlUkQ1dIBVK0kqZqJqMr9NRPGNrZpwSWX4JFmzhMdghtrwBL8EzMI7tNk4yUuSb8x3fc3WtGScR18bz/m5tO7du37m7c8+9/+Dho8e7e08GOk4Vgz6Lo1idj6mGiEvoG24iOE8UUDGO4Gw87RX8bAZK81h+NvMERoJOJA85o8ZKJCOMRniQ76uX7sVuy+t4i4PXC78qWq g6Jxd72/9IELNUgDQsoloPfS8xo4wqw1kEuUtSDQllUzqBoS0lFaBH2WLoHLetEuAwVvYnDV6oy29kVGg9F2PrFNRc6lVWiJvYMDXh21HGZZIakKwMCtMImxgXG8ABV8BMNLcFZYrbWTG7pIoyY/fkNmLSZKIAprnrtvGp9bqkmJXomZGaqUOlQ+17WNsdQuB3Pa/iNncd+9dYw+zG0MXtyoGJ/TbaQOJXvpDPoLa92WjTU7gqZq8TX/jd7pJ6HbSi141LWcJVSAWxgn24ttUXU465EA6r3m7xnydNVAfUcIOlynJJAGEhZuQmzO61SGexEFQGGTntfTrOs6zeLz7O8xWD7V8YypFKXvXl2XLnBhJN9GEJpU3UX0KsiXoW2Rvir96H9WLwquMfdA4+vm4dvavuyg56hp6jfeSjLjpC79EJ6iOGEvQNfUc/nK/OT+eX87u0bm9V7zxFjeP8+Q9E5ltS</latexit>

V(r)

<latexit sha1_base64="UvOan/NVdcbLJA7VZXxmcyTmU2Y=">AAAEDnicbZPNbtNAFIWnMT/F/LWwZDMiiigSimwENZtKFdnQBVKgpK2Io2oyvk5H8YytmXFKZPkdWLCFx2CH2PIKvATPwDi22zjJSJavz3d8z/VYM04iprTj/N1qWTdu3rq9fce+e+/+g4c7u49OVJxKCgMaR7E8GxMFERMw0ExHcJZIIHwcwel42iv46QykYrH4pOcJjDiZCBYySrSRPvt9xfb0C/ncPt9pO11nsfB64VZFG1 Wrf77b+ucHMU05CE0jotTQdRI9yojUjEaQ236qICF0SiYwNKUgHNQoW4yc445RAhzG0lxC44W6/EZGuFJzPjZOTvSFWmWFuIkNUx2+GWVMJKkGQcugMI2wjnHx/ThgEqiO5qYgVDIzK6YXRBKqzS7ZjZg0mUiAaW7bHXxsvLZfzOqrmRaKygOpQuU6WFESQeB6jlNxk7uO3SusYHZt8HCncmDf/BmlIXErX8hmUNteb7SpKVwWs9eJz1zPW1Kvglb0unEpC7gMCfeNYG62afVFl2MuhIOqt108s6SJ6oAabrBUWbYfQFiImX8dZva1SKcx50QEmX/c+3iUZ1m9v/goz1cMpn9hKEcqedWXZcudG4g30fsllDbRYAnRJuoZZE6Iu3oe1ouTl113v7v/4VX78G11VrbRE/QU7SEXeegQvUN9NEAUCfQNfUc/rK/WT+uX9bu0traqdx6jxrL+/AfzsVps</latexit>

!(t, r)

•Hyperboloidal coordinates



PERTURBATION THEORY
•Wave equation on black-hole background

: Perturbation field
: Potential

<latexit sha1_base64="waFjMNyg8qeQi1QG0dhcVFxJEtI="></latexit>

→!,tt +!,r→r→ → V(r)! = 0

<latexit sha1_base64="vUzoGIYJU+nCW4ZIcmEpwdKie7M=">AAAEEHicbZPNbtNAFIWnNT/F/LWwZDMiiiibyEbQsKlUkQ1dIBVK0kqZqJqMr9NRPGNrZpwSWX4JFmzhMdghtrwBL8EzMI7tNk4yUuSb8x3fc3WtGScR18bz/m5tO7du37m7c8+9/+Dho8e7e08GOk4Vgz6Lo1idj6mGiEvoG24iOE8UUDGO4Gw87RX8bAZK81h+NvMERoJOJA85o8ZKJCOMRniQ76uX7sVuy+t4i4PXC78qWq g6Jxd72/9IELNUgDQsoloPfS8xo4wqw1kEuUtSDQllUzqBoS0lFaBH2WLoHLetEuAwVvYnDV6oy29kVGg9F2PrFNRc6lVWiJvYMDXh21HGZZIakKwMCtMImxgXG8ABV8BMNLcFZYrbWTG7pIoyY/fkNmLSZKIAprnrtvGp9bqkmJXomZGaqUOlQ+17WNsdQuB3Pa/iNncd+9dYw+zG0MXtyoGJ/TbaQOJXvpDPoLa92WjTU7gqZq8TX/jd7pJ6HbSi141LWcJVSAWxgn24ttUXU465EA6r3m7xnydNVAfUcIOlynJJAGEhZuQmzO61SGexEFQGGTntfTrOs6zeLz7O8xWD7V8YypFKXvXl2XLnBhJN9GEJpU3UX0KsiXoW2Rvir96H9WLwquMfdA4+vm4dvavuyg56hp6jfeSjLjpC79EJ6iOGEvQNfUc/nK/OT+eX87u0bm9V7zxFjeP8+Q9E5ltS</latexit>

V(r)

<latexit sha1_base64="UvOan/NVdcbLJA7VZXxmcyTmU2Y=">AAAEDnicbZPNbtNAFIWnMT/F/LWwZDMiiigSimwENZtKFdnQBVKgpK2Io2oyvk5H8YytmXFKZPkdWLCFx2CH2PIKvATPwDi22zjJSJavz3d8z/VYM04iprTj/N1qWTdu3rq9fce+e+/+g4c7u49OVJxKCgMaR7E8GxMFERMw0ExHcJZIIHwcwel42iv46QykYrH4pOcJjDiZCBYySrSRPvt9xfb0C/ncPt9pO11nsfB64VZFG1 Wrf77b+ucHMU05CE0jotTQdRI9yojUjEaQ236qICF0SiYwNKUgHNQoW4yc445RAhzG0lxC44W6/EZGuFJzPjZOTvSFWmWFuIkNUx2+GWVMJKkGQcugMI2wjnHx/ThgEqiO5qYgVDIzK6YXRBKqzS7ZjZg0mUiAaW7bHXxsvLZfzOqrmRaKygOpQuU6WFESQeB6jlNxk7uO3SusYHZt8HCncmDf/BmlIXErX8hmUNteb7SpKVwWs9eJz1zPW1Kvglb0unEpC7gMCfeNYG62afVFl2MuhIOqt108s6SJ6oAabrBUWbYfQFiImX8dZva1SKcx50QEmX/c+3iUZ1m9v/goz1cMpn9hKEcqedWXZcudG4g30fsllDbRYAnRJuoZZE6Iu3oe1ouTl113v7v/4VX78G11VrbRE/QU7SEXeegQvUN9NEAUCfQNfUc/rK/WT+uX9bu0traqdx6jxrL+/AfzsVps</latexit>

!(t, r)

•Hyperboloidal coordinates
<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0



PERTURBATION THEORY
•Wave equation on black-hole background

: Perturbation field
: Potential

<latexit sha1_base64="waFjMNyg8qeQi1QG0dhcVFxJEtI="></latexit>

→!,tt +!,r→r→ → V(r)! = 0

<latexit sha1_base64="vUzoGIYJU+nCW4ZIcmEpwdKie7M=">AAAEEHicbZPNbtNAFIWnNT/F/LWwZDMiiiibyEbQsKlUkQ1dIBVK0kqZqJqMr9NRPGNrZpwSWX4JFmzhMdghtrwBL8EzMI7tNk4yUuSb8x3fc3WtGScR18bz/m5tO7du37m7c8+9/+Dho8e7e08GOk4Vgz6Lo1idj6mGiEvoG24iOE8UUDGO4Gw87RX8bAZK81h+NvMERoJOJA85o8ZKJCOMRniQ76uX7sVuy+t4i4PXC78qWq g6Jxd72/9IELNUgDQsoloPfS8xo4wqw1kEuUtSDQllUzqBoS0lFaBH2WLoHLetEuAwVvYnDV6oy29kVGg9F2PrFNRc6lVWiJvYMDXh21HGZZIakKwMCtMImxgXG8ABV8BMNLcFZYrbWTG7pIoyY/fkNmLSZKIAprnrtvGp9bqkmJXomZGaqUOlQ+17WNsdQuB3Pa/iNncd+9dYw+zG0MXtyoGJ/TbaQOJXvpDPoLa92WjTU7gqZq8TX/jd7pJ6HbSi141LWcJVSAWxgn24ttUXU465EA6r3m7xnydNVAfUcIOlynJJAGEhZuQmzO61SGexEFQGGTntfTrOs6zeLz7O8xWD7V8YypFKXvXl2XLnBhJN9GEJpU3UX0KsiXoW2Rvir96H9WLwquMfdA4+vm4dvavuyg56hp6jfeSjLjpC79EJ6iOGEvQNfUc/nK/OT+eX87u0bm9V7zxFjeP8+Q9E5ltS</latexit>

V(r)

<latexit sha1_base64="UvOan/NVdcbLJA7VZXxmcyTmU2Y=">AAAEDnicbZPNbtNAFIWnMT/F/LWwZDMiiigSimwENZtKFdnQBVKgpK2Io2oyvk5H8YytmXFKZPkdWLCFx2CH2PIKvATPwDi22zjJSJavz3d8z/VYM04iprTj/N1qWTdu3rq9fce+e+/+g4c7u49OVJxKCgMaR7E8GxMFERMw0ExHcJZIIHwcwel42iv46QykYrH4pOcJjDiZCBYySrSRPvt9xfb0C/ncPt9pO11nsfB64VZFG1 Wrf77b+ucHMU05CE0jotTQdRI9yojUjEaQ236qICF0SiYwNKUgHNQoW4yc445RAhzG0lxC44W6/EZGuFJzPjZOTvSFWmWFuIkNUx2+GWVMJKkGQcugMI2wjnHx/ThgEqiO5qYgVDIzK6YXRBKqzS7ZjZg0mUiAaW7bHXxsvLZfzOqrmRaKygOpQuU6WFESQeB6jlNxk7uO3SusYHZt8HCncmDf/BmlIXErX8hmUNteb7SpKVwWs9eJz1zPW1Kvglb0unEpC7gMCfeNYG62afVFl2MuhIOqt108s6SJ6oAabrBUWbYfQFiImX8dZva1SKcx50QEmX/c+3iUZ1m9v/goz1cMpn9hKEcqedWXZcudG4g30fsllDbRYAnRJuoZZE6Iu3oe1ouTl113v7v/4VX78G11VrbRE/QU7SEXeegQvUN9NEAUCfQNfUc/rK/WT+uX9bu0traqdx6jxrL+/AfzsVps</latexit>

!(t, r)

•Hyperboloidal coordinates
<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

(Singular) Sturm-Liouvielle operator



PERTURBATION THEORY
•Wave equation on black-hole background

: Perturbation field
: Potential

<latexit sha1_base64="waFjMNyg8qeQi1QG0dhcVFxJEtI="></latexit>

→!,tt +!,r→r→ → V(r)! = 0

<latexit sha1_base64="vUzoGIYJU+nCW4ZIcmEpwdKie7M=">AAAEEHicbZPNbtNAFIWnNT/F/LWwZDMiiiibyEbQsKlUkQ1dIBVK0kqZqJqMr9NRPGNrZpwSWX4JFmzhMdghtrwBL8EzMI7tNk4yUuSb8x3fc3WtGScR18bz/m5tO7du37m7c8+9/+Dho8e7e08GOk4Vgz6Lo1idj6mGiEvoG24iOE8UUDGO4Gw87RX8bAZK81h+NvMERoJOJA85o8ZKJCOMRniQ76uX7sVuy+t4i4PXC78qWq g6Jxd72/9IELNUgDQsoloPfS8xo4wqw1kEuUtSDQllUzqBoS0lFaBH2WLoHLetEuAwVvYnDV6oy29kVGg9F2PrFNRc6lVWiJvYMDXh21HGZZIakKwMCtMImxgXG8ABV8BMNLcFZYrbWTG7pIoyY/fkNmLSZKIAprnrtvGp9bqkmJXomZGaqUOlQ+17WNsdQuB3Pa/iNncd+9dYw+zG0MXtyoGJ/TbaQOJXvpDPoLa92WjTU7gqZq8TX/jd7pJ6HbSi141LWcJVSAWxgn24ttUXU465EA6r3m7xnydNVAfUcIOlynJJAGEhZuQmzO61SGexEFQGGTntfTrOs6zeLz7O8xWD7V8YypFKXvXl2XLnBhJN9GEJpU3UX0KsiXoW2Rvir96H9WLwquMfdA4+vm4dvavuyg56hp6jfeSjLjpC79EJ6iOGEvQNfUc/nK/OT+eX87u0bm9V7zxFjeP8+Q9E5ltS</latexit>

V(r)

<latexit sha1_base64="UvOan/NVdcbLJA7VZXxmcyTmU2Y=">AAAEDnicbZPNbtNAFIWnMT/F/LWwZDMiiigSimwENZtKFdnQBVKgpK2Io2oyvk5H8YytmXFKZPkdWLCFx2CH2PIKvATPwDi22zjJSJavz3d8z/VYM04iprTj/N1qWTdu3rq9fce+e+/+g4c7u49OVJxKCgMaR7E8GxMFERMw0ExHcJZIIHwcwel42iv46QykYrH4pOcJjDiZCBYySrSRPvt9xfb0C/ncPt9pO11nsfB64VZFG1 Wrf77b+ucHMU05CE0jotTQdRI9yojUjEaQ236qICF0SiYwNKUgHNQoW4yc445RAhzG0lxC44W6/EZGuFJzPjZOTvSFWmWFuIkNUx2+GWVMJKkGQcugMI2wjnHx/ThgEqiO5qYgVDIzK6YXRBKqzS7ZjZg0mUiAaW7bHXxsvLZfzOqrmRaKygOpQuU6WFESQeB6jlNxk7uO3SusYHZt8HCncmDf/BmlIXErX8hmUNteb7SpKVwWs9eJz1zPW1Kvglb0unEpC7gMCfeNYG62afVFl2MuhIOqt108s6SJ6oAabrBUWbYfQFiImX8dZva1SKcx50QEmX/c+3iUZ1m9v/goz1cMpn9hKEcqedWXZcudG4g30fsllDbRYAnRJuoZZE6Iu3oe1ouTl113v7v/4VX78G11VrbRE/QU7SEXeegQvUN9NEAUCfQNfUc/rK/WT+uX9bu0traqdx6jxrL+/AfzsVps</latexit>

!(t, r)

•Hyperboloidal coordinates
<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

(Singular) Sturm-Liouvielle operator Encodes energy dissipation



PERTURBATION THEORY
•Wave equation on black-hole background

: Perturbation field
: Potential

<latexit sha1_base64="waFjMNyg8qeQi1QG0dhcVFxJEtI="></latexit>

→!,tt +!,r→r→ → V(r)! = 0

<latexit sha1_base64="vUzoGIYJU+nCW4ZIcmEpwdKie7M=">AAAEEHicbZPNbtNAFIWnNT/F/LWwZDMiiiibyEbQsKlUkQ1dIBVK0kqZqJqMr9NRPGNrZpwSWX4JFmzhMdghtrwBL8EzMI7tNk4yUuSb8x3fc3WtGScR18bz/m5tO7du37m7c8+9/+Dho8e7e08GOk4Vgz6Lo1idj6mGiEvoG24iOE8UUDGO4Gw87RX8bAZK81h+NvMERoJOJA85o8ZKJCOMRniQ76uX7sVuy+t4i4PXC78qWq g6Jxd72/9IELNUgDQsoloPfS8xo4wqw1kEuUtSDQllUzqBoS0lFaBH2WLoHLetEuAwVvYnDV6oy29kVGg9F2PrFNRc6lVWiJvYMDXh21HGZZIakKwMCtMImxgXG8ABV8BMNLcFZYrbWTG7pIoyY/fkNmLSZKIAprnrtvGp9bqkmJXomZGaqUOlQ+17WNsdQuB3Pa/iNncd+9dYw+zG0MXtyoGJ/TbaQOJXvpDPoLa92WjTU7gqZq8TX/jd7pJ6HbSi141LWcJVSAWxgn24ttUXU465EA6r3m7xnydNVAfUcIOlynJJAGEhZuQmzO61SGexEFQGGTntfTrOs6zeLz7O8xWD7V8YypFKXvXl2XLnBhJN9GEJpU3UX0KsiXoW2Rvir96H9WLwquMfdA4+vm4dvavuyg56hp6jfeSjLjpC79EJ6iOGEvQNfUc/nK/OT+eX87u0bm9V7zxFjeP8+Q9E5ltS</latexit>

V(r)

<latexit sha1_base64="UvOan/NVdcbLJA7VZXxmcyTmU2Y=">AAAEDnicbZPNbtNAFIWnMT/F/LWwZDMiiigSimwENZtKFdnQBVKgpK2Io2oyvk5H8YytmXFKZPkdWLCFx2CH2PIKvATPwDi22zjJSJavz3d8z/VYM04iprTj/N1qWTdu3rq9fce+e+/+g4c7u49OVJxKCgMaR7E8GxMFERMw0ExHcJZIIHwcwel42iv46QykYrH4pOcJjDiZCBYySrSRPvt9xfb0C/ncPt9pO11nsfB64VZFG1 Wrf77b+ucHMU05CE0jotTQdRI9yojUjEaQ236qICF0SiYwNKUgHNQoW4yc445RAhzG0lxC44W6/EZGuFJzPjZOTvSFWmWFuIkNUx2+GWVMJKkGQcugMI2wjnHx/ThgEqiO5qYgVDIzK6YXRBKqzS7ZjZg0mUiAaW7bHXxsvLZfzOqrmRaKygOpQuU6WFESQeB6jlNxk7uO3SusYHZt8HCncmDf/BmlIXErX8hmUNteb7SpKVwWs9eJz1zPW1Kvglb0unEpC7gMCfeNYG62afVFl2MuhIOqt108s6SJ6oAabrBUWbYfQFiImX8dZva1SKcx50QEmX/c+3iUZ1m9v/goz1cMpn9hKEcqedWXZcudG4g30fsllDbRYAnRJuoZZE6Iu3oe1ouTl113v7v/4VX78G11VrbRE/QU7SEXeegQvUN9NEAUCfQNfUc/rK/WT+uX9bu0traqdx6jxrL+/AfzsVps</latexit>

!(t, r)

•Hyperboloidal coordinates
<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

(Singular) Sturm-Liouvielle operator Encodes energy dissipation

Boundary Conditions X Regularity
Ingoing/Outgoing external boundary conditions in 
the original problem are now geometrically taken 

into account via hyperboloidal slices.

At the differential equation level, the physical 
scenario (Black Hole+Wave Zone) is described by 

the equations’ regular solutions 



TIME DOMAIN

<latexit sha1_base64="7m2tntpzA+qguO471hA6kWGMz20="></latexit>

I +
<latexit sha1_base64="v5ebEQF+1nVF/RhOF4LbViqK3G4="></latexit>

H
+

<latexit sha1_base64="P8qnfGToV+keXjbciAeU1Wl2xBw="></latexit>

ω = 0
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FREQUENCY DOMAIN
•Wave Equation:

<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0



FREQUENCY DOMAIN
•Wave Equation:

<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

<latexit sha1_base64="cDwNzxxW5LSFSUeCg7pC9yHIGg0=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuyKqI0QtLGwiGAekF2W2clsMmT2wTyEEIKNv2JjoYitX2Hn3zibbKGJBy4czrl35t4TZpxJ5Tjf1sLi0vLKammtvL6xubVt7+w2ZaoFoQ2S8lS0QywpZwltKKY4bWeC4jjktBUOrnO/9UCFZGlyr4YZ9WPcS1jECFZGCux9L8NCMcwDT2GNNEKXiKFbhHRgV5yqMwGaJ25BKlCgHthfXjclOqaJIhxL2XGdTPmj/HnC6bjsaUkzTAa4RzuGJjim0h9NThijI6N0UZQKU4lCE/X3xAjHUg7j0HTGWPXlrJeL/3kdraILf8SSTCuakOlHkeZIpSjPA3WZoETxoSGYCGZ2RaSPBSbKpFY2IbizJ8+T5knVPau6d6eV2lURRwkO4BCOwYVzqMEN1KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnD8B4lbU=</latexit>

@⌧u = iLu
<latexit sha1_base64="VElvyTqvPM9uDezkSvQY84EEc3U="></latexit>

L =
1

i

✓
0 1
L1 L2

◆

<latexit sha1_base64="PNuZWFItqrB42o6t8zwPUdEq6mY="></latexit>

� = @⌧ , u =

✓
 
�

◆



FREQUENCY DOMAIN
•Wave Equation:

<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

<latexit sha1_base64="cDwNzxxW5LSFSUeCg7pC9yHIGg0=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuyKqI0QtLGwiGAekF2W2clsMmT2wTyEEIKNv2JjoYitX2Hn3zibbKGJBy4czrl35t4TZpxJ5Tjf1sLi0vLKammtvL6xubVt7+w2ZaoFoQ2S8lS0QywpZwltKKY4bWeC4jjktBUOrnO/9UCFZGlyr4YZ9WPcS1jECFZGCux9L8NCMcwDT2GNNEKXiKFbhHRgV5yqMwGaJ25BKlCgHthfXjclOqaJIhxL2XGdTPmj/HnC6bjsaUkzTAa4RzuGJjim0h9NThijI6N0UZQKU4lCE/X3xAjHUg7j0HTGWPXlrJeL/3kdraILf8SSTCuakOlHkeZIpSjPA3WZoETxoSGYCGZ2RaSPBSbKpFY2IbizJ8+T5knVPau6d6eV2lURRwkO4BCOwYVzqMEN1KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnD8B4lbU=</latexit>

@⌧u = iLu
<latexit sha1_base64="VElvyTqvPM9uDezkSvQY84EEc3U="></latexit>

L =
1

i

✓
0 1
L1 L2

◆

<latexit sha1_base64="PNuZWFItqrB42o6t8zwPUdEq6mY="></latexit>

� = @⌧ , u =

✓
 
�

◆

             Eigenvalue Problem

Fourier (or Laplace) Transform: 
<latexit sha1_base64="8GxUtDKROz6HBnYkeQLL/XqJ1eQ=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELYM2lgpGhVwMc5tJsrh7d+zOCuFIZ+NfsbFQxNa/YOe/cRNT+PVg4PHeDDPzklxJS2H4EUxMTk3PzM7NlxYWl5ZXyqtrFzZzRmBdZCozVwlYVDLFOklSeJUbBJ0ovExujof+5S0aK7P0nPo5NjV0U9mRAshLrfKm47GVmuN1IeNMYxd4TOAGPO4BcdcqV8JqOAL/S6IxqbAxTlvl97idCacxJaHA2kYU5tQswJAUCgel2FnMQdxAFxuepqDRNovRHwO+7ZU272TGV0p8pH6fKEBb29eJ79RAPfvbG4r/eQ1HncNmIdPcEabia1HHKU4ZH4bC29KgINX3BISR/lYuemBAkI+u5EOIfr/8l1zsVqP9anS2V6kdjeOYYxtsi+2wiB2wGjthp6zOBLtjD+yJPQf3wWPwErx+tU4E45l19gPB2ycbtJjU</latexit>

u ⇠ ei!⌧ û
<latexit sha1_base64="57Pp2gOwwkzGOpzj5OQEcUK2Fjs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGRN0IRTcuXFSwD+gMJZNm2tA8hiQjlKG48VfcuFDErV/hzr8xbUfQ1gMXTs65l9x7ooRRbTzvyyksLC4trxRXS2vrG5tb7vZOQ8tUYVLHkknVipAmjApSN9Qw0koUQTxipBkNrsZ+854oTaW4M8OEhBz1BI0pRsZKHXfvBgZ9ZGAKL2AgOemhn3fHLXsVbwI4T/yclEGOWsf9DLoSp5wIgxnSuu17iQkzpAzFjIxKQapJgvAA9UjbUoE40WE2OWEED63ShbFUtoSBE/X3RIa41kMe2U6OTF/PemPxP6+dmvg8zKhIUkMEnn4UpwwaCcd5wC5VBBs2tARhRe2uEPeRQtjY1Eo2BH/25HnSOK74pxX/9qRcvczjKIJ9cACOgA/OQBVcgxqoAwwewBN4Aa/Oo/PsvDnv09aCk8/sgj9wPr4BgCGVlQ==</latexit>

Lû = !û



FREQUENCY DOMAIN
•Wave Equation:

<latexit sha1_base64="x/fku9UCV1ISyzDJDiWX6/F6++U=">AAACHXicbVDNS8MwHE3n15xfVY9egkMQ1NGOoV6EoRcPHia4D1hLSbNsC0vTkqTCKP1HvPivePGgiAcv4n9j2vWg0wcJj/fej+T3/IhRqSzryygtLC4tr5RXK2vrG5tb5vZOR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+5Crzu/dESBryOzWNiBugEadDipHSkmc2TpyWpF7iKBTD/ErhEbzxbJjpOa3DWeQ4s1N4AS3PrFo1Kwf8S+yCVEGBlmd+OIMQxwHhCjMkZd+2IuUmSCiKGUkrTixJhPAEjUhfU44CIt0k3y6FB1oZwGEo9OEK5urPiQQFUk4DXycDpMZy3svE/7x+rIbnbkJ5FCvC8eyhYcygCmFWFRxQQbBiU00QFlT/FeIxEggrXWhFl2DPr/yXdOo1+7Rm3zaqzcuijjLYA/vgENjgDDTBNWiBNsDgATyBF/BqPBrPxpvxPouWjGJmF/yC8fkNdg6fBg==</latexit>� ⌧⌧ + L1 + L2 ,⌧ = 0

<latexit sha1_base64="cDwNzxxW5LSFSUeCg7pC9yHIGg0=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuyKqI0QtLGwiGAekF2W2clsMmT2wTyEEIKNv2JjoYitX2Hn3zibbKGJBy4czrl35t4TZpxJ5Tjf1sLi0vLKammtvL6xubVt7+w2ZaoFoQ2S8lS0QywpZwltKKY4bWeC4jjktBUOrnO/9UCFZGlyr4YZ9WPcS1jECFZGCux9L8NCMcwDT2GNNEKXiKFbhHRgV5yqMwGaJ25BKlCgHthfXjclOqaJIhxL2XGdTPmj/HnC6bjsaUkzTAa4RzuGJjim0h9NThijI6N0UZQKU4lCE/X3xAjHUg7j0HTGWPXlrJeL/3kdraILf8SSTCuakOlHkeZIpSjPA3WZoETxoSGYCGZ2RaSPBSbKpFY2IbizJ8+T5knVPau6d6eV2lURRwkO4BCOwYVzqMEN1KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnD8B4lbU=</latexit>

@⌧u = iLu
<latexit sha1_base64="VElvyTqvPM9uDezkSvQY84EEc3U="></latexit>

L =
1

i

✓
0 1
L1 L2

◆

<latexit sha1_base64="PNuZWFItqrB42o6t8zwPUdEq6mY="></latexit>

� = @⌧ , u =

✓
 
�

◆

             Eigenvalue Problem

Fourier (or Laplace) Transform: 
<latexit sha1_base64="8GxUtDKROz6HBnYkeQLL/XqJ1eQ=">AAACB3icbVA9SwNBEN3z2/gVtRRkMQhW4U5ELYM2lgpGhVwMc5tJsrh7d+zOCuFIZ+NfsbFQxNa/YOe/cRNT+PVg4PHeDDPzklxJS2H4EUxMTk3PzM7NlxYWl5ZXyqtrFzZzRmBdZCozVwlYVDLFOklSeJUbBJ0ovExujof+5S0aK7P0nPo5NjV0U9mRAshLrfKm47GVmuN1IeNMYxd4TOAGPO4BcdcqV8JqOAL/S6IxqbAxTlvl97idCacxJaHA2kYU5tQswJAUCgel2FnMQdxAFxuepqDRNovRHwO+7ZU272TGV0p8pH6fKEBb29eJ79RAPfvbG4r/eQ1HncNmIdPcEabia1HHKU4ZH4bC29KgINX3BISR/lYuemBAkI+u5EOIfr/8l1zsVqP9anS2V6kdjeOYYxtsi+2wiB2wGjthp6zOBLtjD+yJPQf3wWPwErx+tU4E45l19gPB2ycbtJjU</latexit>

u ⇠ ei!⌧ û
<latexit sha1_base64="57Pp2gOwwkzGOpzj5OQEcUK2Fjs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGRN0IRTcuXFSwD+gMJZNm2tA8hiQjlKG48VfcuFDErV/hzr8xbUfQ1gMXTs65l9x7ooRRbTzvyyksLC4trxRXS2vrG5tb7vZOQ8tUYVLHkknVipAmjApSN9Qw0koUQTxipBkNrsZ+854oTaW4M8OEhBz1BI0pRsZKHXfvBgZ9ZGAKL2AgOemhn3fHLXsVbwI4T/yclEGOWsf9DLoSp5wIgxnSuu17iQkzpAzFjIxKQapJgvAA9UjbUoE40WE2OWEED63ShbFUtoSBE/X3RIa41kMe2U6OTF/PemPxP6+dmvg8zKhIUkMEnn4UpwwaCcd5wC5VBBs2tARhRe2uEPeRQtjY1Eo2BH/25HnSOK74pxX/9qRcvczjKIJ9cACOgA/OQBVcgxqoAwwewBN4Aa/Oo/PsvDnv09aCk8/sgj9wPr4BgCGVlQ==</latexit>

Lû = !û

New tools in Gravity/Optics
•Import tools from theory of non-self adjoint operators 

e.g. pseudospectrum [see J.L. Jaramillo, R.P. Macedo, L. Sheik PRX 2022]

•Hyperboloidal Framework in optical system
Lamis Al Sheik PhD Thesis

•See Jeremy Besson Talk on Wed



NORMAL OPERATORS:  
SPECTRAL THEOREMS

Def. Given matrix     and its adjoint     . Then    is normal iff     
<latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L
<latexit sha1_base64="YB/UI7QO0hn56hlVDrBiFtRZS5g=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68eChgv2QNpbNZpMu3d2E3Y1QQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZF6ScaeO6387S8srq2nppo7y5tb2zW9nbb+kkU4Q2ScIT1QmwppxJ2jTMcNpJFcUi4LQdDK8nfvuJKs0SeW9GKfUFjiWLGMHGSg+3j70QxzFV/UrVrblToEXiFaQKBRr9ylcvTEgmqDSEY627npsaP8fKMMLpuNzLNE0xGeKYdi2VWFDt59ODx+jYKiGKEmVLGjRVf0/kWGg9EoHtFNgM9Lw3Ef/zupmJLv2cyTQzVJLZoijjyCRo8j0KmaLE8JElmChmb0VkgBUmxmZUtiF48y8vktZpzTuveXdn1fpVEUcJDuEITsCDC6jDDTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifP5y9kEo=</latexit>

L† <latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L
<latexit sha1_base64="duE5w8CQqxegCFJYSPCw+ipRjf4=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFcSElE1I1QdOOiiwr2AWksk8lNOnTyYGYiltBfceNCEbf+iDv/xmmbhbYeuHA4517uvcdLOZPKsr6NpeWV1bX10kZ5c2t7Z9fcq7RlkgkKLZrwRHQ9IoGzGFqKKQ7dVACJPA4db3gz8TuPICRL4ns1SsGNSBizgFGitNQ3K07jBDceej4JQxAuvsJW36xaNWsKvEjsglRRgWbf/Or5Cc0iiBXlRErHtlLl5kQoRjmMy71MQkrokITgaBqTCKSbT28f4yOt+DhIhK5Y4an6eyInkZSjyNOdEVEDOe9NxP88J1PBpZuzOM0UxHS2KMg4VgmeBIF9JoAqPtKEUMH0rZgOiCBU6bjKOgR7/uVF0j6t2ec1++6sWr8u4iihA3SIjpGNLlAd3aImaiGKntAzekVvxth4Md6Nj1nrklHM7KM/MD5/AIgnktI=</latexit>

[L,L†] = 0

Ex. Symmetric, hermitian, orthogonal, unitary…

Spectral Theo. (matrices):    is normal iff is unitarily diagonalisable 
<latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L

Obs. Theorem extends to normal operators in Hilbert (or Banach) space

Hermitian Physics (self adjoint operators):  
Eigenvectors are orthogonal and form complete basis 
Eigenvalues are stable

<latexit sha1_base64="yAdedImXBGpKvBel4qE15jWl6WA="></latexit>

L ! L+ ✏�L ) � ! �+ ✏��



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

self adjoint operator:
<latexit sha1_base64="gnwiCi8wkxl2s2afKwOj+I4wRKQ="></latexit>

L = L† ) ri k li ) i = 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

self adjoint operator:
<latexit sha1_base64="gnwiCi8wkxl2s2afKwOj+I4wRKQ="></latexit>

L = L† ) ri k li ) i = 1

Small perturbation in operator; small displacement in eigenvalue

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

non-self adjoint operator:
<latexit sha1_base64="YPi2qi/Td4YVGaivvUx+ba9RFpg="></latexit>

L 6= L† ?) ri , li ) i > 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

non-self adjoint operator:

Small perturbation in operator; (potential) large displacement in eigenvalue

<latexit sha1_base64="YPi2qi/Td4YVGaivvUx+ba9RFpg="></latexit>

L 6= L† ?) ri , li ) i > 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

Pseudospectra:
<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏) <latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏) <latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

Wave on Sphere (self-adjoint problem) 
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Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏)

<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏)

<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>
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✏ < 1

Take away message:
The unperturbed operator contains all pieces of 
information to assess potential spectral instabilities 
Tools to measure: condition number and pseudospectra
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Partial Conclusions:
Condition number and pseudospectra indicate potential 
instabilities under perturbation of the operator.
Physical scenario: ad hoc modification of the potential
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Perturbed potential:
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q` ! q` + �Vd
<latexit sha1_base64="ojmp9ZjGvZbIoyQNbFihbQ4BqxM="></latexit>

�Vd / cos(2⇡k �)
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Perturbed potential:
<latexit sha1_base64="V5Ztf8WwfQQXuEBlDtirgv56So4="></latexit>

q` ! q` + �Vd
<latexit sha1_base64="ojmp9ZjGvZbIoyQNbFihbQ4BqxM="></latexit>

�Vd / cos(2⇡k �)

Partial Conclusions:
Fundamental Mode is stable (potential perturbation respects 
asymptotic decays: ultra-violet effect)
Overtones are stable under low wave number perturbation
Overtones are unstable under high wave number perturbations
Fundamental Mode is unstable (potential perturbation disturbs 
asymptotic decays: infra-red effect)  
“the elephant and the flea effect- M. Cheung, K. Destounis, RPM, E. Berti, V. Cardoso. PRL 128 11 (2022)”
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•Tools from non-hermitian physics: Introduce 
pseudosepctra and QNM condition number to GR, addressing a 
potential crucial issue in GW astronomy: QNM instability
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