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*Wave equation
_\Ij,tt el \Ij,azaj — W =1

Boundary Conditions Etnergy is “leaking” out of the system
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| \/\/ave phenomena relies upon a geometrlcal structure on space+t|me l
|

{ Limits on spatial coordinates are taken along surfaces of constant time. 1
~ What's the meaning of t|me7 \/\/hlch t|me coord|nate7 )
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* Fundamental Structure In Lorentzian Geometry
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About People Events Blog Outreach Q C

Hyperboloidal Research gty ;
Network

Spacelike surfaces with asymptotically hyperbolic
geometry are called hyperboloidal.

This site serves as a virtual center, bringing together a
community of scientists who use hyperboloidal surfaces

in their research.

_ ‘f
www.hyperboloid.al
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About People Events Blog Outreach Q C

Events
Hyperboloidal Horizons 2026

Workshop of the hyperboloidal research network

Mon, 12 Jan 2026 — Fri, 16 Jan 2026 - Erwin Schrédinger Institute

David Hilditch, Rodrigo Panosso Macedo, Alex Vané-Vinuales, Anil Zenginoglu

space-like surface

www.hyperboloid.al
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Newsletter

Hyperbolic Times

Virtual Seminars

Hyperbolic Times

YouTube Channel

About People Events Blog Outreach Q C

About People Events Blog Outreach Q C

We have a monthly newsletter, called Hyperbolic Times, that you can read and subscribe to here. The
newsletter contains information about upcoming events, recent publications, and other news related to
research in asymptotia.

As a thematically focused but geographically distributed network, we hold virtual events via Zoom to
exchange ideas. Our monthly virtual seminars are recorded. The first virtual seminar of the series will
take place in October on Friday the 13th, 2023, at 14:00 GMT. Rodrigo Panosso Macedo will discuss
the construction of minimal gauges in various spacetimes based on recent work.

We have a YouTube channel that will feature videos from our events.
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PERTURBATION THEORY

*Wave equation on black-hole background

_\Ij,tt =F \If,r*r* = V(T) v =0

U (¢, r): Perturbation field
V(r) : Potential

sHyperboloidal coordinates

L L v L0
P X

(Singular) Sturm-Liouvielle operator Encodes energy dissipation



PERTURBATION THEORY

‘Wave equatlon on black- hole background

| Boundary Condltlons X Regulanty \

Ingoing/Outgoing external boundary conditions in |

"

\)I;((t’)r) the original problem are now geometrically taken |

)l | | | | |

| into account via hyperboloidal slices. |

*Hy 'i |
|

At the differential equation level, the physical
1

(Slngular) scenario (Black Hole+Wave Zone) Is described by '

|

1

|

| ons - l
the equations’ regular solutions ]
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~ Eigenvalue

| Fourier (or Laplace) Transform u ~ e
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New tools in Gravity/Optics
*|mport tools from theory of non-self adjoint operators

e.g. pseudospectrum [see |.L. Jaramillo, R.P Macedo, L. Sheilk PRX 2022]

*Hyperboloidal Framework in optical system
Lamis Al Sheik PhD Thesis

*See Jeremy Besson Talk on Wed
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Def. Given matrix L and its adjoint LT .Then L is normal iff [L, LT] = 0

Ex. Symmetric, hermitian, orthogonal, unitary. ..

Spectral Theo. (matrices): L is normal iff is unitarily diagonalisable

Obs. heorem extends to normal operators in Hilbert (or Banach) space

Hermitian Physics (self adjoint operators):
Eigenvectors are orthogonal and form complete basis
Eigenvalues are stable L — L 4+ €0L = A — A 4 €0\



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 Le)=L+edL, |0L|=1



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

[l 12|

Figenvalue Condition Number: k; =

i - ]
L T, = >\z T; (Right eigenvector)

LJr I — 5\2 [; (Left eigenvector)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

| . o sl
Figenvalue Condition Number: k; = PR
Pty
Lri = Aj; (Right eigenvector) self adjoint operator:

LJr I — 5\2 [; (Left eigenvector) [ = LJr =0 H =y — |



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

() lz
Figenvalue Condition Number: k; = H‘T‘Hlm
Lri = Aj; (Right eigenvector) self adjoint operator:
LJr I — 5\2 [; (Left eigenvector) [ = LJr =0 H =y — |

small perturbation in operator; small displacement in eigenvalue




NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

[l 12|

Figenvalue Condition Number: k; =

i - ]
L T, = >\z T; (Right eigenvector)

LJr I — 5\2 [; (Left eigenvector)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

| g o sl
Figenvalue Condition Number: k; = PR
Pty
Lri = Aj; (Right eigenvector) non-self adjoint operator:

LT lz =— 5\2 lz (Left eigenvector) L # LT é s H lz =y > |



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 L(e)=L+edL, |0L|=

() lz
Figenvalue Condition Number: k; = H‘T‘Hlm
Lri = Aj; (Right eigenvector) non-self adjoint operator:
LT lz — 5\2 lz (Left eigenvector) e # LT :?> r; H lz — 1

Small perturbation in operator; (potential) large displacement in eigenvalue




NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
e <1 Le)=L+edL, |0L|=1



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
If | L, LT] + 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):
Im( A\
e <1 Le)=L+edL, |0L|=1 P

Spectra:
U(L) : HL e )\ZHH =—() (Eigenvalue) i

Re?)\)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

e<l  L(e=L+ebl, |6L|=1 S
Spectra:
o(L) : ||L — N\I|| =0 (Eigenvalue) Py
Pseudospectra:

go(L) : ||[L — NI|| < €

Re())



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

e<l  L(e=L+ebl, |6L|=1 S
Spectra:
o(L) : ||L — X\I|| =0 (Eigenvalue) Py
Pseudospectra:

go(L) : ||[L — NI|| < €

self adjoint operator: Re(A)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

] Le)=L+elL, |6L| =1 PN
Spectra:
T )T — 0 (Eigervalue) (,’i)_,
Pseudospectra:

go(L) : ||[L — NI|| < €

self adjoint operator: Re(A)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

e <1 Le)=L+edL, |0L|=1

Spectra:
U(L) : HL ep )\iHH = 0 (Eigenvalue)

Pseudospectra:
go(L) : ||[L — NI|| < €

xm()\)

self adjoint operator:

Re())



N O ‘WaLvnher (If—do;ﬁ problem) O RS

|
Kp 1 e e e e o o o o o o ¢ o o o o o o o o o < 3 iJ E M S
0 \ \ \ ‘ L\

R, L]

—_—————————————__

Non-Hen 0000000600000000CO 24 at?';) .
- Im(A\
€ < !

Spectra:
o(L) : ||L

— Re()\)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

e<l  L(e=L+ebl, |6L|=1 S
Spectra:
(L) : ||L — XI|| =0 (Eigenvalue) ')\T'
Pseudospectra:

go(L) : ||[L — NI|| < €

non-self adjoint operator: Re(\)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

e<l  L(e=L+ebl, |6L|=1 S
Spectra: &
o(L) : ||L — NI|| = 0 (Eigenvalue) X
Pseudospectra:

go(L) : ||[L — NI|| < €

non-self adjoint operator: Re(\)



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

i L{e)=L+edL, |0L|=1
Spectra: &
U(L) : HL g )\ZI[H = 0 (Eigenvalue) .)\ZTI
Pseudospectra: &)

go(L) : ||[L — NI|| < €

xm()\)

non-self adjoint operator:

Re())



NON-NORMAL OPERATORS:
e SPEC | RAL THEORERS

Completeness more difficult to study
f [L, L] # 0 Eigenvectors not necessarily orthogonal

N " Take away message

» The unperturbed operator contains all pieces of !
|

Spi INnformation to assess potential spectral instabilities

(E » Jools to measure: condition number and pseudospectra )
‘ a
Psf \

[—";—:—;*_—(_‘ e = = _ s — —  — — — _— — _ _ — —_ _ _ =

(L) : ||[L — NI|| < €

non-self adjoint operator: Re(\)
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* Condition Number + Pseudospectral tools applied to Schwarzschila

Partial Conclusions:

|» Condition number and pseudospectra indicate potential |

instabilities under perturbation of the operator. *JJ

» Physical scenario: ad hoc modification of the potential |
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L= Y /ﬁ/ﬁ} oo 13 O . i ; =t = Y abl o

| Partial Conclusions:

» Fundamental Mode Is stable (potential perturbation respects

asymptotic decays: ultra-violet effect)

1o Overtones are stable under low wave number perturbation

» Overtones are unstable under high wave number perturbations

|« Fundamental Mode is unstable (potential perturbation disturbs

asymptotic decays: infra-red effect)

|

l

i “the elephant and the flea effect- M. Cheung, K. Destounis, RPM, E. Berti,V. Cardoso. PRL 128 |1 (2022)"
\
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CONCLUSION

* Mindset change: [hink spacetime and use the coordinates
most adapted to the problem.

v

https://hyperboloid.al
e XXI Century BH Pert. Theory: Beyond the linear regime
(see A. Pound talk) Compact Objects and
Gravitational Wave
Astrophysics

Mathematical

= Numerical
Relativity

Relativity

* Tools from non-hermitian physics: Introduce
pseudosepctra and QNM condition number to GR, addressing a
potential crucial issue iIn GW astronomy: QNM instability


https://hyperboloid.al

