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Eigenstates of complex Hamiltonians and their adjoints

We begin by reviewing properties of eigenstates of generic complex
Hamiltonians in finite dimensions.

Let K = H —il", with Ht = H and [t = I', be a complex Hamiltonian with
eigenstates {|¢,,)} and eigenvalues {x,}:

K|¢n> — Kn|¢n> and <¢n|K+ — Kn(anl- (1)

We assume for now that the eigenvalues {x,} are not degenerate.

It will be convenient to introduce eigenstates of the Hermitian adjoint
matrix K':

K+|Xn> — anXn> and <Xn|K — 1711<an- (2)

Here and in what follows, a ‘Hermitian adjoint’ will be defined by the
convention that K* denotes the complex-conjugate transpose of K.
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The reason for introducing the additional states {|x,,)} is because the
eigenstates {|¢,,)} of K are in general not orthogonal:

ol — <¢m|r|¢n _,{OnlFlign) 3

_Kn Km+Kn

for m # n, which follows from 2il' = K — K and that 2H = Kt + K.

An analogous result

mF n mH n
<xllx> <X||X> (4)

Xmlxn) = -
Vm Vy + Vi

holds for the eigenstates {|x,)} of K*.

With the aid of the copjugate basis {|x.)}, we can show that the
eigenstates {|¢,,)} of K, although not orthogonal, are nevertheless
linearly independent.
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This follows from the biorthogonality relation

<Xn|¢m> — 6nm<Xn|¢n>- (5)

To see this, we note that by definitions (1) and (2) we have

<Xm|K|¢n> — vm(Xlebn) — Kn(Xm|¢n>- (6)

Hence (xmld,) =0 if k, # ¥, and k, = Uy If (XmlPn) # 0.

Since {xm|®,) = 0 cannot hold for all {|x,,)}, there has to be at least one
v, such that x,, = 7,,,.

On the other hand, by assumption the eigenvalues are not degenerate,
so there cannot be more than one v,, for which «,, = 7,,,.

The linear independence implies that {|¢,,)} forms a complete set of
basis for H.
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Additionally, they are minimal in that exclusion of any one of the
elements |¢y) from the set {|¢p,)} spoils completeness.

A set of basis elements that is both minimal and complete is called
exact.

In finite dimensions, the exactness of {|¢,,)} implies the exactness of
{lxm)}, whereas in infinite dimensions this no longer is the case.

Using the independence of the states {|¢,,)} we can establish

D)l _
Z Xuldny (7)

This holds in finite dimensions away from degeneracies.

To show this, note that if (¢)|F|y) = (|y) for any |¢), then F = 1.
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Writing [¢) = }.,, cml®m) for some {c,,} we have

ol ) )
<¢|(n o qm)hm—;;cmcn<¢m|¢n>-<¢|¢>, (8)

and this establishes the claim.

The operator I'l, defined by
o, = | )Xl
(Xnl®n)
thus plays the role of a projection operator satisfying IL,I1, = 0,uIL..

9)

Although I, is not Hermitian, its eigenvalues are all zero, except one
which is unity, for which the eigenstate is |¢,).

Writing @, = |9,,){.|/{P.|,.) for the eigenstate projector we have
1,0, = d,I11, =D, (10)

It follows, in particular, that
(]1 - 1A[n)lgbn> — (]1 - ﬁ;)l)(r» = 0. (1 1)
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While the complex Hamiltonian K does not admit the representation
Y. kn Py, it can be expressed in the form

It follows that if we write, for an arbitrary state [V) = ), culdm),
o SB) e  Sl) (13)

Dulxny NTany

then we have

(ply) =Y grin. (14)
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Quantum probabilities

In quantum theory, the norm of a state is closely related to probabilistic
interpretations of measurement outcomes.

We fix our norm convention so that it is consistent with probabilistic
considerations of a quantum system.

The norm of the eigenvectors are often assumed to take values larger
than unity so as to ensure the following relation holds for all #:

<Xn|§bn> = 1. (15)

Under this convention, eigenvectors will no longer be normalised.

In particular, if we assume that all eigenstates have the same Hermitian
norm so that (¢,|d,) = (PP for all n,m, then we have (Pp,|p,) > 1.

The convention {x,|¢,) = 1 leads to considerable simplifications.
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In standard quantum mechanics, the ‘transition probability’ between a
pair of states |£) and [n) is given by (&[n)nI&)/(ElEXnIn).

Under the convention {x,|¢,) = 1, however, we cannot maintain a
consistent probabilistic interpretation from this definition.

For instance, if the state of the system is in an eigenstate |¢,,) of K, then
on account of stationarity there cannot be a ‘transition’ into another
state |¢,,), m # n, even though (¢,|p,) # 0.

To reconcile these apparent contradictions we need the introduction of
the so-called associated state that defines duality relations between
elements of the Hilbert space H and its dual space H".

For an arbitrary state [), we define the associated state |g5> according
to the following relations:

W)=Y clpny o @l=) il = @)=Y clw). (16)

This determines the duality relation: |y € H < [¢) € H".
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The quantum-mechanical inner product for a biorthogonal system is
thus defined as follows:

If [Y) = X, caldn) and o) = Y, duldy), then

(p, ) = (PlY) = ) Ao Xulp) = ) duc (17)

Since we demand the convention that {x,|¢,) = 1 for all n, we can
assume that

DIy =Y Gucu = 1. (18)

n

It also follows that p,, = ¢,c,, defines the transition probability between

) and |¢py,):

_ al)dlgn)
XXl

Common trends in non-Hermitian Physics: King’s College London © Dorje C Brody 2025

(19)

n




Biorthogonal Quantum Mechanics -11 - 26 March 2025

The interpretation of the number p,, is as follows.

If a system is in a state characterised by [i), and if a measurement is
performed on the ‘complex observable’ K, then the probability that the
measurement outcome taking the value x, is given by p,,.

More generally, the overlap distance s between the two states |£) and
In) will be defined according to the prescription:

EMXAIE)
ElEXTIN)
A short exercise making use of the Cauchy-Schwarz inequality shows

that the right side of (20) is real, nonnegative, and lies between zero
and one, thus qualifying the required probabilistic conditions.

082

1s = (20)

In particular, s = 0 only if |£) = |n); whereas s = wonly if }, ¢,d, =0
where [£) = )., culdn) and ) = )., duldn)-
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In quantum mechanics the notion of probability is closely related to that
of distance.

To see this, suppose that |) = |£) + |d&) is a neighbouring state to |E).

Then we obtain the Fubini-Study line element:

12 4 (EIEXAEIdE) — (EldexdEle) 1)
(E1E)?
In two dimensions, an arbitrary normalised state |£) can be expressed
in the form
|€) = cos 201¢1) + sin 26e?|¢,). (22)

In this case we deduce

ds? = }(d6? + sin? 0de?). (23)

© Dorje C Brody 2025
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Observables and states

Given a fixed biorthogonal basis {|®,.), [x.)}, @ generic observable F can
be expressed in the form

ﬁ — anm|q5n><)(m| (24)

If G is another observable with ‘matrix’ elements gnm IN the basis
{lon), Ixn), then the matrix element of the product FG is just }; fuSQim-

The expectation value of a generic observable £ [Y) is

o~ (QIF1p)

£y = W) (25)
W)

If the array {f..,} in (24) is ‘biorthogonally Hermitian’ in the sense that
f = fun, then (F) is real for all states ).

Thus, the notion of Hermiticity extends naturally to the biorthogonal
setup, and we are able to speak about physical observables in the

usual sense.
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If we let |V) =), cildy), then
(Fy = == . (26)

In particular, if {|¢,)} are eigenstates of F, then we can write fum = fuOnm,
where {f,} are the eigenvalues of F, hence

<ﬁ> — Z pnfn/ (27)

which is consistent with the probabilistic interpretation of the
biorthogonal system.

Now suppose that {le,,)} is an orthonormal basis of H such that

puy =Y uble, L) =) olex. (28)

k k

Then the matrix element of the observable F in this orthonormal basis is

P=) [Z szuzv;”] lex) el (29)
k,1

n,m
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In this way we see more explicitly that while the reality of £ merely
requires Hermiticity of {1}, the Hermiticity of F requires a more
stringent condition that

Y fas) =Y furil'o). (30)

kI k1

In particular, if F is Hermitian so that £* = F, then {le,)} can be chosen to
be [¢p,,) so that u = v} = 6} and (30) reduces to the familiar condition

fnm — fmn-

If £ is symmetric, then we have vl =i, l.e. components of [y,) are
complex conjugates of the components of |¢,,).

The expansion coefficients {1} are unique up to unitary
transformations.

The linear independence of {|¢,)} implies that {u*} is invertible, and the
orthonormality condition {x,|¢p.,) = 6., implies that the inverse of {u’,g} 1S
given by {7*}.
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Phrased differently, if we write |¢,) = ille,) and |x,) = 9le,), then we have
o' = 1.

If £ is real (biorthogonally Hermitian), then
F' =90" Fan® = an")~'F (aah), (31)

where 71" is an invertible positive Hermitian operator.

As an elementary illustrative example, consider the complex 2 x 2
Hamiltonian

K=6,-iy6, (*<1). (32)

A calculation shows that the eigenstates of K and K*, in the region
y2 < 1 for which the eigenvalues + +/1 — 12 are real, are given by

1 1
|¢i>:”i(i7/im), |Xi>:”¢(_1yi 1_)/2)/ (33)

where

2 =(1Fiy/4J1-72)/2. (34)
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An arbitrary observable for which the expectation value is real can be

expressed, up to trace, as a linear combination of the deformed Pauli
matrices

1 —iy 1 0 —i 1 1 i
AV _ i AV _ AV _ i
Ox = 1_7/2( 1 iy)’ Gy—(i O)’ Gz_m(iy —1)’ (35)
The expectation values of these Pauli matrices in a generic state
€) = cos 20I¢+) + sin 26e?|¢p_). (36)

are then given by

(67) = sin O cos ®, (65) = sin 0'sin @, (6)) = cos 0. (37)

Note that the right-sides of these expectation values are independent of
v, on account of the y-dependence of the eigenstates.
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Perturbation analysis

Consider now the perturbation analysis involving complex Hamiltonians,
In the range where there are no degeneracies so that the
Rayleigh-Schrddinger series is applicable.

Let K be a complex Hamiltonian with distinct eigenvalues {x,} and
biorthonormal eigenstates ({|p,)}, {x.)}) that are known.

Suppose that we perturb the Hamiltonian slightly according to

K- K. =K+eK, (38)
where € < 1 is the perturbation parameter, and K’ represents
perturbation energy, which may or may not be Hermitian.

Under the assumption ol‘ no degeneracies, the eigenstates {|i,)} and
the eigenvalues {u,} of K. can be expanded in a power series

W) = 1oy + elp™y + 2y + -,y =1+ e + 24P + - (39)
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Since (x.|ld,) = 1, it follows that under this normalisation convention we
require

Gy = Qalpy = -+ = 0. (40)
If we substitute the series expansion in the eigenvalue equation
Ke|77brl> — Hn|¢n> (41)

and equate terms of different orders in €, then we obtain

i — Ry =0, (kn = R + uPlorny = Ky, (42)

and so on.

Transvecting (x| from the left on the second equation of (42) we obtain
(kn = Kn) Xl + 113 0m = el K Ipi)- (43)

Thus, for n = m we obtain the first-order perturbation correction to the
eigenvalue:

1 = Ol ). (44)
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On the other hand, for n # m we obtain

1 N
Oenlt))y = OenlK D), (45)

Ky —
and on account of the completeness condition we thus find

‘”>—Z|¢m><xm|¢<”>—Z|¢m><xm|¢<” Z”"”' '(P” ), (46)

m#n m#n h

where we have made use of the orthogonality relations.

In the case of a Hermitian operator, a theorem of Rellich implies that
the eigenstates and eigenvalues can be expanded in a Taylor series.

For a general complex operator, the above perturbation expansion
breaks down in the vicinities of degeneracies where not only the
eigenvalues but also the corresponding eigenstates coalesce.
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Dynamics

Consider the evolution operator
0 =e X, (47)
inunits 7 = 1.

Evidently, U is not unitary: UTU # 1.

However, if the eigenvalues of K are real, then U in effect is unitary in
the sense of biorthogonal quantum mechanics.

It should be apparent that the solution to the dynamical equation

9,y = Ky, (48)
with initial condition |¢g) = ), culdy,), is given by
P =Y cue ). (49)

n
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According to our conjugation rule we have

(Wil =) @™l = =) e ). (50)

n n

The time-dependent biorthogonal norm of the state therefore is given by

(Pilipr) = ) Cucpe O F), (51)

n

Therefore, if the eigepvalues o~f K are real so that z,, = «,,, then for all
time t > 0 we have (Vyr) = (Yolo).

More generally, if &, = x,,, and if |p;) is also a solution to the
Schrodinger equation with a different initial condition, then for all t > 0

(Pipr) = (Polpo). (52)
It follows that:

Proposition 1. If the eigenvalues of K are real, then the time evolution
operator ekt js unitary with respect to the biorthogonal basis of K,
preserving the biorthogonal norms of the states and the transition
probabilities between states.
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When one or more of the eigenvalues are imaginary or complex, we
have different characteristics for the dynamical behaviour.

Let us write
Kn = E, — iy, (53)
for the eigenvalues, where {E,} and {y,} are real.

Then we have

<115t|¢t> — Z Encne_zynt — Emcn*e_zyn*t 1+ Z — e—z()/n—yn*)t ’ (54)

n N#EN.

where n, is the value of n such that y,, has the smallest value.

In most physical setups, v, > 0, and an arbitrary initial state will decay
into the state with the smallest y,, value.

This situation describes the behaviour of a particle trapped in a finite
potential well; the norm <gﬁt|¢t> then describes the probability that the
particle has not tunnelled out of the well.
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Relation to PT symmetry

If we write § = (22")~!, then on account of

ony =Y ibledy, Ly = ) ohle) (55)

k k
we have

<en|en> — <¢n|g\|¢n> (56)

for all n.

Here § by construction is an invertible positive Hermitian operator,
which is unique and can be determined from the eigenstates:

g7t = Y o)l (57)

In addition, observe, for all n, that
(Puld’Ipny = (@) a7 @) 0 en) = eald™ (07") len) = (Xulxn), (58)
but (xulx») = {PulP,), SO § IS an involution:
g =1 (59)
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Perceived from the viewpoint of Hermitian inner-product space,
therefore, the operator 4 plays the role of a ‘metric’ for the Hilbert space.

For example, the expectation value of a physical observable F can be
written in the form

WY (wlaflw)
— = 60
Ay ) (60)

that involves the metric operator under the Hermitian pairing.

We see therefore that biorthogonal quantum mechanics can
alternatively be viewed as ‘conventional’ Hermitian quantum mechanics,
but where Hilbert space is endowed with a nontrivial metric operator 4.

This metric is the so-called “metric operator” in PT-symmetric quantum
theory.
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Complex degeneracies:

In the case of a Hermitian Hamiltonian, the first-order perturbation
breaks down near degeneracies, and one has to consider higher orders.

In the case of a complex Hamiltonian, the situation is more severe on
account of the fact that the Rayleigh-Schrodinger perturbation theory
breaks down altogether in the vicinities of exceptional points.

Nevertheless, for a given Hamiltonian one can expand the eigenstates
and eigenvalues in the form of Newton-Puiseux series.

Let us illustrate how such an analysis can be applied to deduce the
nature of geometric singularities close to exceptional points.

At an exceptional point two or more eigenvalues and the corresponding
eigenstates coalesce, that is, the Hamiltonian is not diagonalisable.

Here we consider the most common case, where two eigenvalues and
the corresponding eigenstates coalesce.
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At such an exceptional point there is a two-fold degenerate eigenvalue
kegp and a single eigenvector |¢rp), Which is orthogonal to the
corresponding left eigenvector: {xrp|pep) = 0.

However, one can define an associated vector, the so-called Jordan
vector, denoted |¢%.,), fulfilling the relation

Rippp) = Kepldpp) + ep). (61)
Similarly the left Jordan vector can be defined according to the relation
Kixpp) = Replxyp) + lxep). (62)

The Jordan vector |¢£P> and the eigenvector |prp) span the
two-dimensional eigenspace corresponding to the degenerate
eigenvalue «xgp.

Note that the Jordan vector is not uniquely defined by equation (61).

However, the ambiguity can be removed by choosing appropriate
normalisation conditions.
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In fact, it will be convenient to normalise the states such that

(XEPIOLp) = (XhploEp) = 1, (63)
and that

(XpplPp) = 0. (64)

The conventional Rayleigh-Schrodinger perturbation theory breaks
down around an exceptional point, and in general the eigenvalues and
eigenvectors are not analytic functions of the perturbation parameter.

That is, they cannot be expanded in a Taylor series.

In the general case they can nevertheless be expanded into a power
series with broken rational exponents, which is known as a Puiseux
series.

The most common behaviour around an exceptional point at which two
eigenvectors coalesce is that the eigenvalues and eigenvectors can be
expanded in a power series with half-integral exponents.
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Let € << 1 denote a small perturbation parameter that measures the
deviation away from the exceptional point.

Expanding the Hamiltonian, the eigenvalues and eigenvectors in lowest
order in € in the eigenvalue equation yields

(Rep+eR’ + -+ )(ppp) +19)e2 +-++) = (kpp+1e2 + -+ )(ppp) + 19 )e2 +--)
(65)

Equating terms corresponding to different powers of € we find that the
two eigenstates |¢.) can be expanded in the form:

b2 = 1 (Ipep) + K, €2 b)) + O(F)), (66)

where

Ky =+ \/(XEPlK’|¢EP>- (67)
A perturbative expression similar to (66) holds for the left eigenvector.

It is convenient to normalise these vectors according to the usual
biorthogonal convention away from the exceptional point: (x.|¢p.) = 1.
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From this we find that

1 ; 1 ]
p:) =~ (1Bee) + 1 €2 0) (68)
and that
1 , L J
(Xl = el ((XEP| + K €2 <XEP|) : (69)

A calculation then shows that
1 5 , 3] 1
dg.) = = (e ligen) + ' e gpp)) de = lp-)de,  (70)
and hence that

(0.1 = 7-(x-Ide. (71)

From these we thus find the expression of the metric close to an
exceptional point of second order where two eigenstates coalesce:
1
G=—. 72
102 (72)
It should be remarked that this result is generic, i.e. it is independent of
the model.
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Dynamics revisited
An alternative way of viewing the dynamics is to write

dly) .
— = ~iH = H)) — [ = D)), (73)
As an example consider the Hamiltonian K = 6, — i5,. Then for the

dynamics we have the following.

(a) unbroken phase (b) broken phase
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We can ask if there is an analogue of Wigner’'s theorem when the
generator of the dynamics is not Hermitian.

In this case, an analysis shows that

(a) The resulting motion generates a holomorphic vector field;

(b) Every holomorphic vector field on the state space arises from such a
Hamiltonian;

(c) The symmetry group of the motion is that associated with
holomorphically projective transformations that map complex
geodesics to complex geodesics; and

(d) Every map that preserves complex geodesics on the state space
must arise from a Hamiltonian K that is not necessarily Hermitian.
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Towards infinite dimensions

Already in quantum mechanics based on conventional Hermitian
operators there are subtleties in going from finite to infinite-dimensional
Hilbert spaces.

It should be clear that the matter does not improve when considering
gquantum mechanics beyond Hermitian operators.

Indeed, the following simple example illustrates how a completeness
statement of biorthogonal quantum mechanics that holds true in finite
dimensions can easily fail in infinite dimensions.

Consider an infinite-dimensional Hilbert space H and an orthonormal
set of basis {le,)} in H.

Construct a new set of basis elements {|¢,)} according to

|Pn) = ler) + len) (74)

form=2,3,...,0.
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Elements of {|¢p,,)} are not orthogonal, but the set is complete:

N
lim WZ; Gn) = ler) + lim WZ lea) = ler). (75)
The biorthogonal pair of |¢,) is unique and is given by
Xn) = len) (76)

form=2,3,...,00
So we have (xu|Pn) = Oum-

While the set {|¢p,,)} is complete, its biorthogonal counterpart {|x,)} is
not—a phenomenon that has no analogue in finite dimensions.

Thus, if K = Y. Knl®n){xnl 1S @ Hamiltonian operator acting on the states
of H, then we can form a linear combination of the eigenstates of K that
has a null conjugate state:

(€1ler) = 0. (77)
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If we interpret the norm as representing the probability of finding a
particle in the system, then we have a ‘no-particle’ state |e;) that
nevertheless has nonzero energy expectation value.

Even if a biorthonormal set ({|p.)}, {lx»)}) is complete, there can be
various subtleties arising from the lack of a bounded map that takes an

element |¢p,,) into |e,).

Specifically, suppose that ({|¢,)}, {|x.)}) is @ complete biorthonormal set
of bases in H = L? of square- mtegrable functions.

Then the set {|¢,,)} is called a ‘Fischer-Riesz’ basis if
(a) for any [) € H we have Y, [{x,l)* < oo; and

(b) if for any sequence {c,} such that )", |c,[* < oo there exists a |) € H
for which (x,.|y) = c,.
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A theorem of Bari then shows that:

(i) {lx.)} is a Fischer-Riesz basis if and only if there exists a bounded
invertible linear operator 7i-! and a complete orthonormal basis
elements {le,)} in H such that 27Y|¢,) = |e,); and that

(i) {lon)} Is a Fischer-Riesz basis if and only if there exists a positive
bounded invertible linear operator 47! in H such that |¢,,) = §7|x.).

In infinite dimensions, a generic complex Hamiltonian K possessing real
eigenvalues often do not admit an invertible bounded metric operator 4.

This implies that a system described by such a Hamiltonian is
intrinsically different from that described by a Hermitian Hamiltonian,
even if the eigenvalues coincide.

But sometimes one can find interesting nontrivial examples where
these conditions are satisfied.
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Consider the Hamiltonian

(5 + %) (1 — &) (78)
defined on L2(R,).

The eigenfunctions of H are given by

Pn(x) = =0z, x + 1) (79)
and the eigenvalues are given by
E,=1i(2z,-1), (80)

where ((z, x) is the Hurwitz zeta function, and z,, are the nontrivial zeros
of the Riemann zeta function on the critical line.

In this example, we can show that the transformation operator
(1 — e ?)~! is bounded and invertible.

It then follows that H is self-adjoint, i.e. its eigenvalues are real.
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